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Chapter 1

Prerequisites and basic notions

1.1 Basics

We assume that the reader is familiar with the following notions.

1.1.1 Algebraic identities
(a+b)% = a® + 2ab + b2
a?—b*=(a+0b)(a—0b)
a’ — b3 = (a — b)(a® + ab + b?)
a® + b3 = (a+0b)(a® — ab+ b?)

o]

[e]

@]

o

1.1.2 Exponents
Let a,b € R and n,m € N.

o a’n . am — an-‘rm
o a"-b" = (ab)™
? a" _ qr—m

a’"l
0a’=1ifa#0

o %:al/n
o (§)" ==
o al =a

1.1.3 Logarithms

Let a,b > 0, and c € R.
o log(ab) = log(a) + log(b)
o log(%) = log(a) — log(b)



o log(a®) = c-log(a)
o log(1) =0

1.1.4 Trigonometry

The functions sin(z), cos(x), tan(x) are defined for x € R. We have the following identities:

o tan(z) = 32 if cos(z) #£ 0

cos(x)

o cot(z) = <@ if gin(x) # 0
(

sin(z)
b) = sin(a) cos(b) =+ cos(a) sin(b)
b) = cos(a) cos(b) F sin(a) sin(b)

1.2 Functions

The elementary functions include polynomials, rational functions, algebraic functions, exponen-
tial functions and trigonometric functions.

Definition 1.2.1 (Polynomial functions).
A polynomial is a function of the form P(z) = a,2"™ + ap_12" "1 + ... + a17 + ap where
a; € Rand n € N.

Example. Examples of polynomial functions include:

o P(x) =223 — 4z + 7 (cubic polynomial)

o P(z) = z? — 5z + 6 (quadratic polynomial)
o P(z) =3z + 1 (linear polynomial)

o P(z) =5 (constant polynomial)

Definition 1.2.2 (Rational functions).
A rational function is a function of the form R(z) = ggg where P(x) and Q(z) are poly-
nomials and Q(z) # 0.

Example. Examples of rational functions include:

27
o R(l‘) = :I;+21
o R(z) = %zfiz
o R(&) =

Definition 1.2.3 (Algebraic functions).



An algebraic function is a function that can be expressed as the root of a polynomial
equation with coeflicients that are polynomials.

Example. Examples of algebraic functions include:

o flx)=vVa2+1
o f(x)= Va3 -2z +1
o flo) =45

Definition 1.2.4 (Transcendental functions).
A transcendental function is a function that is not algebraic, such as exponential and trigono-
metric functions.

Example. Examples of transcendental functions include:
o f(x) = e” (exponential function)
o f(z) = sin(z) (trigonometric function)
o f(x) =1In(z) (logarithmic function)
Below is the graph of the sin(z) and cos(x) trigonometric functions.

Y

sin(z)

1.2.1 Graphs transformations

Definition 1.2.5 (Graph transformations).
Graph transformations involve shifting, stretching, compressing, and reflecting the graphs
of functions. The general form of a transformed function can be expressed as:

glx) =a-f(b-(z—¢))+d

where:

e}

a affects the vertical stretch/compression and reflection.

o

b affects the horizontal stretch/compression and reflection.
c affects the horizontal shift.
d affects the vertical shift.

e}

[¢]



Example. Consider the function f(z) = sin(z). The following transformations illustrate the
effects of the parameters:
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= sin(2z) (horizontal compression by a factor of 2)

(
(z)

o g(x) = sin(z — %) (horizontal shift to the right by 7)
(z)

o]
Q
8

2
= sin(x) + 1 (vertical shift upwards by 1)

1.2.2 Type of functions
Let A and B be two sets.

Definition 1.2.6 (Domain and image of a function).

The domain of a function f : A — B is the set A where for each element of a € A, the
function is defined.

The image (or codomain) of the function is the set B. For every a € A, there exists a unique
b € B such that f(a) =b.

Definition 1.2.7 (Surjective functions).
A function f : A — B is surjective (onto) if for every b € B, there exists at least one a € A
such that f(a) =b.

Definition 1.2.8 (Injective functions).
A function f: A — B is injective (one-to-one) if for every b € B, there exists at most one
a € A such that f(a) =b.

Definition 1.2.9 (Bijective functions).
A function f: A — B is bijective if it is both injective and surjective. This means that for
every b € B, there exists exactly one a € A such that f(a) = 0.

1.2.3 Inverse functions

Let f: A — B be a bijective function.

Definition 1.2.10 (Inverse function).
The inverse function of f, denoted by f~!: B — A, is defined such that for every b € B,
f~Y(b) = a where f(a) = b.

Example. Consider the function f(z) = 22 defined on R. This function is bijective on
[0, 4+00).
To find the inverse function, we solve for x in terms of y:

y:;zj2 —s x:\/zj



Thus, the inverse function is f~1(y) = V%Y. We can plot both functions to visualize their
relationship.




Chapter 2

Real Numbers

2.1 The Field of Real Numbers



Chapter 3

Complex numbers

The equation 2+ 1 = 0 has no solution in R. To solve this problem, we introduce a new number
i such that i = —1.

Proof. Let’s prove that the equation 22 + 1 = 0 has no solution in R. Assume that there exists
x € R such that 22 4+ 1 = 0. Then, we have:

z?=-1

However, the left-hand side is non-negative for all z € R, while the right-hand side is negative.
This is a contradiction. Therefore, there are no solutions in R. O

3.1 Definition and properties of complex numbers

Definition 3.1.1 (Complex numbers).

The set of complex numbers is defined as C = {a + bi | a,b € R} where i is the imaginary
unit with the property that i2 = —1. Addition and mutliplication of complex numbers are
defined as follows:

o (a+bi)+ (c+di)=(a+c)+ (b+d)i
o (a+bi)(c+ di) = (ac — bd) + (ad + be)i
Let also add that:
o 30 € C:0=0+ 0¢ such as (a + bi) + (0 + 0i) = (a + bi) Va,be€R.
o Jan inverse for (a + bi) : ((—a) + (=b)i) + (a+bi) =04+0i =0 Va,beR.
o J1e€C:1=1+40isuch as (a+bi)(1+0i) =(a+bi) Va,beR.
oVzeC:2#40 = Fz7teC:zz7l=1.

Definition 3.1.2 (Inverse of a complex number).

10



Let z = a+bi € C such as 2z # 0 (i.e., a®> + b? # 0). The inverse of z is given by:

1 a b .
z = — 1
aQ + b2 a2 + b2

Let’s verify that zz=! = 1:

=1

a b . _a®+b?
a2+ a2+ ) a2+

2271 = (a + bi) (

Example. Let’s verify that complex numbers respect the distributive property.
Let z; = (a1 +b1i), 22 = (ag +bai) and z3 = (a3 + bsi) be three complex numbers. We want
to show that:

z1(22 + 23) = 2122 + 2123

Let’s compute left side:
21(z2 + 23) = (a1 + b1i)((az + ag) + (b2 + b3)i)
= (a1(az +az) — b1 (bz + b3)) + (a1 (b2 + b3) + b1 (az + a3))i
Now, let’s compute the right side:
2129 + 2123 = (a1a2 — bibs + ayaz — by1bs) + (a1by + byas + arbs + bras)i

Both sides are equal, thus C is a commutative field.

We can prove that C is not an ordered field. Indeed, if we assume that i > 0, then i2 = —1 > 0
which is a contradiction. If we assume that i < 0, then —i > 0 and (—i)? = —1 > 0 which is also
a contradiction. Thus, C is not an ordered field.

3.2 Form of complex numbers

Complex numbers can be represented in 3 different forms.

3.2.1 Algebraic form

Definition 3.2.1 (Algebraic form).
The algebraic form of a complex number z = a + bi where a,b € R. Which can also be

written as:
z = Re(z) + Im(z)i

where Re(z) = a is the real part of z and Im(z) = b is the imaginary part of z.

The modulus of a complex number z = a + bi is defined as:

2] = VRe(z))? + (m(2))? = Va + 5 > 0

2] =0 <= 2z=0

11



3.2.2 Trigonometric form

Definition 3.2.2 (Trigonometric form).
The trigonometric form of a complex number z = a + bi is given by:

z =r(cos(f) +isin(f)) r>0,0 € R

where:
iR
= b
rsin(f) =b Seeosos oty
0 w R
a = rcos(6)
and:

Re(z) =a =rcos(f), Im(z)=0b=rsin(f)

The modulus of z is given by:

2| = 7 = \/r2 cos?(6) + r2sin?(f) =r > 0

The argument of z (z # 0) is given by:

I R
r#0 = sin(d) = mr(z)’ cos(f) = efz)
Showing that 6 is defined up to an additive factor of 2kr, k € Z. Also:
Im(z) b
e = f
tan () Re(z) ~a ifa#0
Example. Let’s find the argument of z = a + bi. We have:
If @ > 0, then:
0 = arctan <b> +2kmw, ke
a
iR
b ,,,,,,,
6 = arg(z
arg(2) o
a

If a < 0, then:
6 = arctan (2) +2k+ 1), kel

12



1R

b _
arctan 5 —ZW - 6/ 0 # arctan {{7‘
] - IN
******* b
Finally, if a = 0, then:
)5 42km, >0
T3 2k, b<O

AN

0 =1
Y~ R

The argument of z is only defined for z # 0.

3.2.3 Exponential form
Definition 3.2.3 (Exponential form).

The exponential form of a complex number z = a + bi is given by:
e” = exp(z) = e*(cos(b) + isin(b))

If z = a, then:
e = e%(cos(0) +isin(0)) = e*(1+0) = e
If z = bi, then:
e = % (cos(b) + isin(b)) = e®
Definition 3.2.4 (Euler's formula).

For any real number 6 € R, we have:
e’ = cos(0) + isin(f)

Let’s show that e?(01+02) = ¢ib1 . ¢if2.
ei(01162) — cos(fy + 63) + isin(6y + 05)
= (cos(f;) cos(f2) — sin(67) sin(fz)) + i(sin(61) cos(f2) + cos(61) sin(hs))

= (cos(f1) + isin(hy))(cos(fa) + isin(fy)) = e . %2

13



Let’s also show that an imaginary exponential is periodic with period 27:
Y1 =y2 + 2k, k€ Z = e = W22k — o2 (cog(2km) 4 isin(2km)) = Y2

If we take a complex number in trigonometric form z = r(cos(f) + isin(f)), we can write it in
exponential form as:

z=re
3.2.4 Summary of the forms of a complex number

A complex number can be represented as:

z = Re(z) +i-Im(z) (Algebraic form)
= |z|(cos(arg(z)) + isin(arg(z))) (Trigonometric form)
= |z|etare(2) (Exponential form)

Usually complex numbers are represented in polar form (trigonometric or exponential form).

Example. Let’s show that the modulus of z = e is equal to (%),
5= e(ei¢) _ e(cos(cb)-i—i sin(¢)) _ ecos(¢)eisin(¢) — ecos(¢) . (cos(sin(¢)) + isin(sin((b)))

Thus, the modulus of z is:

2l = /(e(®)2 - [(cos(sin(¢)))? + (sin(sin(@)))?] = e*¥)

Example. Let’s find the exponential form of z = —1 + 4. We need to calculate the modulus

and the argument of z:
o= VP + 2 = V2

Since Re(z) = —1 < 0 and Im(z) = 1 > 0, we are in the second case of the argument

calculation:
o — . 1 T - 3
= arctan T + 7= 4+7rf4

Thus, the exponential form of z is:

2 =2eiF

Example. Let’s find the algebraic form of z = 5¢i% . We have:
2 2 1 3 5 5v3
z=25 (cos (;) + 4 sin (;)) =5 (—2 —&—1\2[) =-3 —|—in

3.2.5 Operations in polar form

Polar form is very useful to perform operations on complex numbers.

14



Definition 3.2.5 (Mutiplication in polar form).
To multiply two complex numbers in polar form, we multiply their moduli and add their
arguments. If z; = riet and zy = 7“26“92, then:

2129 = T1roet (01 102)

Proof. Let z; = r1e1 and zy = rqe’®2. We have:

61 )

z129 = et - rae’

By using the property of exponentials, we get:

2129 = rroet91102)

Example. Let z = ', w = ™, |z| = 1 and |w| = 1. Then:

2w = e 9t¥)

Definition 3.2.6 (Division in polar form).
To divide two complex numbers in polar form, we divide their moduli and subtract their
arguments. If z; = r1e?t and 2, = rye?, then:

z L .
2= Leil0i=02) p £
z2 T2

Definition 3.2.7 (Inverse in polar form).
The inverse of a complex number, z # 0 in polar form is given by:
I

2= —e" if z=re? and r >0
r

Proof. Let z = re?® such that r > 0. We have:

1. A
2zt =re?. e =1.¢00"9=1.0=1
r

Definition 3.2.8 (De Moivre's theorem).
For any complex number z = re*® and any integer n € N*, we have:

2" = r"e™ = " (cos(nb) + isin(nh))

Proof. Let’s prove this by induction. For n = 1, we have:

Zl _ Tlez-l-e _ 7"6“9

15



Now, let’s assume it’s true for n = k, i.e., 2 = r*e¢?*?. For n = k + 1, we have:
Zk+1 — ZkZ — (T,kezke)(,r,eze) — ,r,krezkeezﬁ — 7,kJrlez(kJrl)O

Thus, by induction, the theorem holds for all n € N*.

3.2.6 The Most Beautiful Formula in Mathematics
Let y = 7, then:

3

e'™ = cos(m) +isin(mr) = —1+0=—1

Theorem 3.2.1 (Euler's identity). ,
e"+1=0

This formula links the 5 most important constants in mathematics: e, ,m, 1, 0.

3.3 Conjugate of a complex number

Definition 3.3.1 (Conjugate of a complex number).
The conjugate of a complex number z = a + bi is defined as:

Z=a—0bi

or in polar form for z = re®:

z =re " = r(cos(—0) + isin(—0)) = r(cos(d) — isin(h))
If Z # 0, then:
2Z = (a + bi)(a — bi) = a®> + b* = |2)?
3.3.1 Properties of the conjugate
Let 21,20 € C and )\ € R, we have:
°cZ=1z

0 z1t20=7%21 £ 25

0 2122 = 2122

Z1) — ZL
o (22)f721f227é0
o A\z=A\zZ

Also, we have:
o Re(z) = #=
o Im(z) = 4

If |z] = 1, then in polar form for z = cos(¢) + isin(¢), we have:

|

21

ei® 4 ¢—id el _ g—id

sin(g) =

cos(¢) = > , %

16



Example. Let’s express (sin(¢))*:

et _ i 4 B (6i¢ _ 672@5)4 B edd _ 4219 4 6 — Je—2i¢ 4 o—%id
2i o 1644 o 16

sin()* = (
Since —4e%? — 4e7%% = —8cos(2¢) and e*® + e~4¢ = 2 cos(4¢), we get:

(sin(g))* = % — 3 cos(26) + g cos(49)

3.4 Roots of complex numbers

Definition 3.4.1 (n-th roots of a complex number).
Let z € C* and n € N*. The n-th roots of z are the solutions of the equation:

There are n distinct n-th roots of z.

Proof. Let w = pe'® be an n-th root of z. We have:

w” = (peicj))n _ pneind) _ ,reiG

By comparing the moduli and arguments, we get:
pn ENa—— p= ’I”%

and G
ne—=0+2%kr — ¢= " pegz
n

Since the argument is defined up to an additive factor of 2w, we only need to consider k =
0,1,...,n—1 to get all distinct n-th roots. Thus, the n-th roots of z are given by:

Example. Let 22 = w = re® (where r > 0) be a complex number. Then:

942k
==

k=01

b
zZL =71r2e

Thus, the two square roots of w are:

[SIEY

1, 1,
g =r2e'z, 21:7"26’(

17



More explicitly:
(21)? = (22)* = w

Example. Let’s solve the equation 23 = —1+1i (z € C). Let w = —1 4+ i = v/2¢*'T be the
complex number. We have:

37
o 2k

= (V2)ie T =285 T) K =0,1,2

Thus, the three cube roots of w are:

N

1 . 1 211 1 - 4 1 .
elr, oz = 28i(5+%) — 25ei 12 | 2y = 95 i(F+%) — 98 i

o=
ENE]

Z(]:2

Example. Let z € C,z # 0. We want to find all complex numbers such that (%)3 =2Zz. We
have:

z=re? = z=re"

0\ 3
N2 _ [ re (203 — (50
z re—i0

erQ — ,r,efw

0

Thus:

We want to solve:

By comparing the moduli and arguments, we get:
r=1

and T
60 = —0 + 2%kr —> 70 = 2% —> 0:7”7 kel

Thus, the solutions are:

3.5 Polynomials with complex coefficients

Definition 3.5.1 (Polynomial with complex coefficients).
A polynomial with complex coefficients is a function P : C — C defined by:

P(2) = ap2" + an_12" 1+ ...+ a1z + ag

where ag,a1,...,a, € C and a, # 0. The degree of the polynomial is n.

In the case of quadratic polynomials, like in the case with real coefficients, we have:

L —b+Vb?2 — dac

2a
except that now a, b, c € C, thus:

Vb2 —dace C = weC:w? =01 — 4dac

18



Theorem 3.5.1 (Fundamental Theorem of Algebra). Every non-constant polynomial with
complex coefficients, P(2) = a,2" +a,_12""*+...+a12+ag where a,, # 0 can be factored
as:

Piz)=an(z—21)"™(z—22)" ... (2 — zp)™

where 21, 29, ..., 2z, € C are the distinct roots of P(z) and my, ma,...,m, € N* (m; +mo+
...+ my, = n) are their respective multiplicities.

Example. Let’s check if P(z) = 2% + (1 — i)z — i is divisible by 2z — i. We have:
Piy=#+(1—d)i—i=-1+i+1-i=0

Thus, P(z) is divisible by z — i.

3.5.1 Polynomials with real coefficients

If P(z) = ana™ + ap_12" 1 + ... + a1 + ap is a polynomial with real coefficients, then its
complex roots come in conjugate pairs. That is, if 2 = a+bi is a root of P(z), then its conjugate
Z =a — bi is also a root of P(x).

Proof. Let z = a + bi be a root of P(x), then:
P(Z) :anzn‘f‘anflzn_l +...4+a1z+ap=0

Taking the complex conjugate of both sides, we get:

P(z) =apnz® +an_12" 1+ ... +a1z+ap =0
Since the coefficients are real, this simplifies to:
P(z)=apnZ" +an12"" ' +...+a1Z+ap =0
Thus, Z is also a root of P(x). 0

Every polynomial with real coefficients of degree n > 2 can be factored as a product of linear
and irreducible quadratic factors with real coefficients.

3.6 Subset of complex numbers

Example. Let z, € C,r € R > 0. The set of complex numbers defined by:
|z —zo| =
where z = x + yi and 29 = zg + yot, can be expressed as:
|(z + yi) — (zo + yoi)| =7

V(@ —z0)2+(y—yo)2=r

(& — 20)? + (y — o) = 12
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This is the equation of a circle with center (zg,yo) and radius r in the Cartesian plane.
Thus, the set of complex numbers z such that |z — zg| = r represents a circle in the complex
plane with center zg and radius r.

Example. Let z € C*: (%)4 = %(1 +4). We have:

z=re" = |z| =", Ll —r.g =e ¥
z ret
Thus: 1
(6—19)4 _ 6—4110 _ 72<1 4 Z) — 67%
By comparing the arguments, we get:
10="tokn — 9= T p_o123
— = — e = —— — — =
4 16 27 B

Thus, the solutions are:

T km
0 —-—— ——1£=0,1,2,3
e{-x-Sik-0123}
and 7 can take any positive real value. Therefore, the geometric representation of the solu-

tions is given by 4 open half-lines originating from the origin, making angles of — %, —9% _ 17w _ 257

- s ° 16> 16° 16 ' 16
with the positive real axis.

3.7 Exercices

This section gathers a selection of exercises related to Chapter 3, taken from weekly assignments,
past exams, textbooks, and other sources. The origin of each exercise will be indicated at its
beginning.
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Chapter 4

Sequences of real numbers

Definition 4.0.1 (Sequences).

A sequence is a function whose domain is the set of natural numbers. In other words, a
sequence is an ordered list of numbers, typically denoted as (ay)nen, where each a,, is a
real number.

We often denote a sequence by (ay), (an)n>0 = {@o,a1,az,...} or simply a,, where n represents
the position of the term in the sequence.

Example. Consider the sequences defined as:

o a, = n? (the sequence of perfect squares)

(e}

b, = % (the sequence of reciprocals)
¢n = (—1)™ (the alternating sequence)
fo=0,f1 =1, fuy2 = fat1 + fn (the Fibonacci sequence)

an = a-n+ b (an arithmetic sequence with common difference a and initial term b)

o

e}

e}

o an, =a-r" (a geometric sequence with common ratio r and initial term a)

4.1 Properties of sequences

Definition 4.1.1 (Bounded sequences).

A sequence (a,,) is said to be bounded above if there exists a real number M such that
a, < M for all n.

It is bounded below if there exists a real number m such that a,, > m for all n.

If a sequence is both bounded above and bounded below, it is called a bounded sequence.

Definition 4.1.2 (Absolute value).
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The absolute value of a real number x, denoted by |x|, is defined as:

T ifx>0
|z| = .
—x fx<0

Let be (a,) a sequence. We say that (a,) is bounded if there exists M > 0 such that |a,| < M
for all n.

Definition 4.1.3 (Decreasing and increasing sequences).
A sequence (ay,) is called decreasing if a,, > an41 for all n. It is called increasing if a,, < ap41
for all n.

Definition 4.1.4 (Monotonic sequences).
A sequence (ay,) is called monotonic if it is either non-decreasing or non-increasing,.

Example. Let’s consider the following sequences:

o a, =n is increasing (a,4+1 — a, = 1 > 0) and unbounded (N is not bounded above).

o ap = %_H is decreasing (ap+1 — an = ,m < 0) and bounded (by 1 and 0).

o a, = (—1)™ is neither increasing nor decreasing, but it is bounded (by 1 and —1).

o a, = a-n+ b is increasing if a > 0, decreasing if a < 0, and constant if a = 0
(ans1 —ap =an+1)+b—a-n—>b=a). It is unbounded unless a = 0 (if a > 0,
VS >0,VbeR,IneN:a, >S5 —b (Archimedean) <= an+b > S).

fo=0,f1 =1, fuy2 = fas1+ fn is increasing (fr12 — fnt1 = fn > 0) and unbounded
(we can prove it by induction).

e}

4.2 Recurrence relations

Definition 4.2.1 (Recurrence relation).
A recurrence relation is an equation that defines each term of a sequence in terms of one or
more previous terms. It typically consists of:

o An initial condition or base case that specifies the value(s) of the first term(s) of the
sequence.

o A formula that relates each term to one or more preceding terms.

A recurrence relation can be visualized by dominoes. Each domino represents a term in the
sequence. The initial condition is when we push the first domino and the recurrence relation is
how each domino knocks over the next one making it fall.

Example. The Fibonacci sequence is defined by the recurrence relation:
o Initial conditions: (f1)? — fo-fo=1>-1-0=1

o Recurrence relation: (fn11)% — fus2 fa = fos1(fa1+ fo) = fo(fo + fas1) = fog1 -
frc1 = fat1: fac1 — (Fa)? = —((fn)?)
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Example. Let’s find the sum of the first n odd natural numbers.

e}

S1=1

So=1+3=4
S3=14+3+5=9
Sy4=1+3+5+7=16

o

o

o

Let hypothesize that S, = >"}'_,(2k — 1) = n?. We can prove this by induction:
o Base case: n =1, S; =12 =1 (true)
o Inductive step: Assume S, = n? for some n > 1. We need to show that S, =
(n+1)2.
Spi1 =8 +2n+1) -1 =n>+2n+1)=n’+2n+1=(n+1)3

Thus, by the principle of mathematical induction, the formula holds for all natural numbers
n.

4.3 Limits of sequences

Definition 4.3.1 (Limit of a sequence).
A sequence (a,,) is said to converge to a limit L if for every € > 0, there exists a natural
number N such that for all n > N, the absolute difference between a,, and L is less than e.
In mathematical notation,

lim a, =L <= Ve>0,IN e N,Vn > N, |a, — L| < e.

n— oo

Gnp

If a sequence does not converge to any limit, it is said to diverge.

Example. Let a,, = \/%H We will show that lim,, . a, = 0.

Let € > 0. We need to find N € N such that for all n > N, |a,, — 0] < e. We have:

1 1
a, — 0| = -0 = <€
| | ‘ n+1 ‘ vn+1



This inequality can be solved as follows:

1 1 1
<€ <= Vvn+l>- <= n+1>— <:>n>—2—1
€

1
vn+1 € €2

Thefore, we need n to be greater than 6% — 1. Since n must be a natural number, we can
choose: ,
N=|=5-1

where [z] denotes the smallest integer greater than or equal to . Thus, for all n > N, we

have:
1

vn+1

Hence, by the definition of the limit of a sequence, we conclude that lim, .. a, = 0.

lan, — 0] = <e

Example. Let’s study the limit of the sequence defined by (a,) = (—1)%"~3". We first need
to determine the behavior of the exponent 8" — 3™ as n increases. We want to determine
whether 8" — 3™ is even or odd for large n.

o Forn=0:8—-3%"=1-1=0 (even)
o Forn=1:8 —-3'=8-3=5 (0odd)
o Forn=2: 8 —3%=64—9 =55 (odd)
o For n =3: 8 — 3% =512 — 27 = 485 (odd)
We notice that for all n > 1, 8™ is even and 3" is odd, thus 8" — 3" is always odd. Therefore,

for all n > 1, a,, = (—1)°4d = —1. Thefore, the sequence (a,) is constant and equal to -1
for all n > 1. Hence, we can conclude that:

lim a, = —1
n— o0
Example. Let p € Q,p > 0 and ag = 1, a,, = —. Let’s show that lim,, ., a,, = 0.

Let € > 0. We need to find N € N such that for all n > N, |a, — 0| < e. We have:

1
~0 - 5 <
npP npb

‘an -0 =

This inequality can be solved as follows:

1 1 (1)?
—<e<t=nP>- < n> |-
npP € €

PN
Thefore, we need n to be greater than (%) P, Since n must be a natural number, we can
choose:
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where [2] denotes the smallest integer greater than or equal to . Thus, for all n > N, we
have:

1
|an—0|:ﬁ<e

Hence, by the definition of the limit of a sequence, we conclude that lim, .. a, = 0.

Definition 4.3.2 (Uniqueness of limits).
If a sequence (a,) converges to a limit L, then this limit is unique. In other words, if
lim,, o0 an, = L1 and lim,, oo a,, = Lo, then Ly = Lo.

Definition 4.3.3 (Triangle inequality).
For any real numbers x and y, the triangle inequality states that:

|z +y| < |z| + |y

Proof. Let z,y € R. We will prove the triangle inequality by considering two casses based on
the sign of = + y.

o Casel: x+y >0
lz+yl=z+y < |z|+ |yl

o Case2: z+y <0
lz+yl=—(z+y)=-2—y < |z]+ |yl

In both cases, we have shown that |z + y| < |z| 4+ |y|. Therefore, the triangle inequality holds for
all real numbers z and y. O

Example. Let’s prove that the sequence a,, = (—1)" does not converge. Let’s suppose,
for the sake of contradiction, that the sequence converges to a limit L. According to the
definition of convergence, for every ¢ > 0, there exists a natural number N such that for
all n > N, |a, — L| < e. Let’s choose ¢ = 0.5. Then, there exists N € N such that for all
n > N, |a, — L| < 0.5. Now, consider the terms ay and ay1:

o If N is even, then ay =1 and a1 = —1.

o If N is odd, then ay = —1 and ayy1 = 1.
In either case, we have:

lan —an4a| =[1—(-1)| =2

However, by the triangle inequality, we also have:
|aN = aN+1| < |aN = L| + |L = CLN+1| <05+05=1

This leads to a contradiction since 2 < 1 is false. Therefore, our initial assumption that
the sequence (a,) = (—1)" converges must be incorrect. Hence, the sequence (a,) = (—1)"
does not converge.

Every sequence that converges is bounded. The converse is not true: a bounded sequence does
not necessarily converge (e.g., a, = (—1)").
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Proof. Let (a,) be a sequence that converges to a limit L. By the definition of convergence, for
every € > 0, there exists a natural number N such that for all n > N, |a,, — L| < e. Let’s choose
e = 1. Then, there exists N € N such that for all n > N, |a,, — L| < 1. This implies that:

—1<a,—L<1
Adding L to all parts of the inequality, we get:
L-1<a,<L+1

This shows that for all n > N, the terms of the sequence (a,) are bounded between L — 1 and
L + 1. Now, consider the finite set of terms ag, a1, as,...,ay_1. Since this is a finite set, it has
both a maximum and a minimum value. Let:

M, = max{ag,a1,as,...,an—1}
and
my = min{ag, ar,a2,...,an_1}

Now we can define:
M =max(M;,L+1)

and
m = min(mq, L — 1)

Thus, for all n < N, we have m; < a, < My, and for all n > N, we have L — 1 < a,, < L+ 1.
Therefore, for all n € N, we have:
m<a, <M

This shows that the sequence (a,) is bounded above by M and bounded below by m. Hence,
the sequence (a,) is bounded. O

4.3.1 Operations on limits

Theorem 4.3.1. Let (ay,) and (b,) be two sequences that converge to limits L; and Lo
respectively. Then:

o The sequence (a,, +b,) converges to Li + Lo.
o The sequence (ay, - b,) converges to Ly « Lo.

[¢]

o If Ly # 0, the sequence (b—"> converges to %
o The sequence p - (a,,) converges to p - Ly for any constant p € R.

Note that if (a, + b,,) converges, then either both (a,) and (b,) converge, or both diverge. Also
if lim,, o0 (@y, — by) = 0, then lim, o a,, = lim,_, b, or both diverge.
When (a,, - b,) converges, we have:

o a, = L; and b, = Ls. (e.g., a, = n%rpbn:l and a, - b, = %ﬂ —0)
o a, and b, diverge. (e.g., ap, = (—=1)",b, = (=1)" + n%rl and ap - b, =1+ (;Jlr)ln)
o a, — L and b,, diverges. (e.g., a, = (n+1),b, = ﬁ and a, - b, = %_H)

But if b, — L # 0 then a,, must converge.
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4.3.2 Quotients of Polynomial Sequences

Theorem 4.3.2. Let (a,) and (b,) be sequences defined by polynomials P(n) and Q(n)
respectively, where:

a, = P(n) = agn® + ap_1n* 1+ .. +an+ag

bn = Q(TL) = bmnm + bm—lnmi1 P 000 TP bln + bo

with ag, b, # 0. The limit of the quotient of these polynomial sequences as n approaches
infinity can be determined based on the degrees of the polynomials k and m:

o If kK < m, then lim, . ‘;—: =0.

a

2

o If kK =m, then lim, , = =

=

m

o If k > m, then 7= diverges.

Proof. Let (ay,) and (b,) be sequences defined by polynomials P(n) and Q(n) respectively, where:
an = P(n) = agn® + ap_1n* T+ .. . +an+ap

bn = Q(n) = bmnm + bmflnm_1 +...+ bln + bo

with ag, by, # 0. We analyze the limit of the quotient 7= as n approaches infinity based on the
degrees of the polynomials £ and m:

— Qp— a,
an agn® + ap_1n* T+ ..+ an+ao nf oap+ 4+

by byn™ 4 by_n™ 14 . £ bin+ by _nm'bm+l»2;1+___+ngl_l | o

nm

We easily see that:

ap—1 ay ao
e e = T
lim n C n__ =

n—)oobm_|_me*1+.“+nleil+bo bm

nm

Thus we have three cases:
o If k <'m, then % = nTl,k — 0 as n — oo. Therefore, lim,, ‘g—: = [,
o If k =m, then % = 1. Therefore, lim,, o, ‘;—: = l’f—;.
o If k> m, then & = nF~™ — 00 as n — oo. Therefore, the quotient ’g—: diverges.

This completes the proof.

Example. Let a,, = %. Then we have:
I _ 3n?+5n+1 - n? 3+2+% 3
oo T e 2 Fn £ 10 nosen? 241110 3

4.3.3 Squeeze theorem
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Theorem 4.3.3. Let (a,) and (b,) be two sequences such that (a,,) — @ and (b,) — b. If
there exists a mg € N:Vn > mg — a, > b,, then a > b.

Proof. Let’s prove the theorem by contradiction. Suppose that a < b. Then, we can choose
€= b*Ta > 0. By the definition of convergence, there exist natural numbers N; and N5 such that
for all n > Ny, |a, — a|] < € and for all n > Na, |b, — b| < e. Let N = max(Ny, N2, mgp). Then,

for all n > N, we have:

b—a a+b
lap, —al <e = ap<a+e=a+ =
2 2
and b b
o —b| <€ —> by >b—e=b— % 9%
2 2
Therefore, for all n > N, we have:
S a+b b
an n
2
This contradicts our initial assumption that there exists mg € N : Vn > mg,a, > b,. Hence, our
assumption that a < b must be false. Therefore, we conclude that a > b. O

Theorem 4.3.4 (Squeeze theorem). Let (ay), (b,), and (c,) be three sequences such that
an < b, < ¢, for all n greater than some index N. If lim, ., a, = L and lim,, , ¢, = L,
then lim,,_, o b, = L.

Proof. Let (an), (b,), and (c,) be three sequences such that a,, < b, < ¢, for all n greater
than some index N. We are given that lim,, , a, = L and lim, .., ¢, = L. We want to show
that lim, ... b, = L. By the definition of limits, for every e > 0, there exist natural numbers
N; and Ny such that for all n > Ny, |a, — L| < € and for all n > Na, |¢, — L| < e. Let
N’ = max(N, Ny, Ny). Then, for all n > N’ we have:

la, — Ll <e = L—e<a,<L+e

and
lecn — Ll <e = L—e<c¢,<L+e

Since a, < b, < ¢,, it follows that:
L—e<a,<b,<c,<L+e

Therefore, for all n > N’, we have:

|b, — L| <€
This shows that for every ¢ > 0, there exists a natural number N’ such that for all n > N’,
|b, — L| < e. By the definition of limits, we conclude that lim, . b, = L. O

Example. Let’s find the limit of the sequences defined by (a,) = %ﬁgs(m and (b,) =

7% We will use the squeeze theorem to find these limits. We have:

—1<cos(n) <1 = 5n% — 6n < 5n% + 6n cos(n) < 5n2 + 6n
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5n2 — 6n 5n2 + 6n
— <g, <=
An? +3 — 4n? + 3

Thus:
We can find the limits of the sequences on the left and right:
" 5n2 — 6n n? 5-2% 5
im ———— = lim — - = -
g PO 0 5+% 5
im ——— = lim — o= -
By the squeeze theorem, we conclude that:
li n=-
im a 1

= V3241 \We have:

~ bn+2

Now, let’s find the limit of the sequence (by,)
VBTl V3P\/ltge nVB\/l+gs  V3yl+ g
- 542

on + 2 on + 2

o+ 2
1

We can find bounds for b,,:
1 1 1
2=4/1+-—=)2=14+—
) \/( + 6n2) + 6n2

1
1<y/14+ — <HY/1+ —
\/+3n2\/+3n2+(6n2
\/g <b <7\/§(1+6%)
sz <S5

Thus:

We can find the limits of the sequences on the left and right:

V3 _ V3

i
V(14 gm) VB
lim —2>"~ = —
n—00 54+ z 5]
By the squeeze theorem, we conclude that:
3
lim b, = £
n—00 5
Example. Let’s prove the limit of a,, = {/a, a > 0is 1.
Let a>1thenVz€eR = (z—1)(@" 1 +2"2+...+2+1)=2"—1, Vn € N*. Thus,
T

we have:
x—1=
anl4en=24 4tz +1
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Let x = {/a > 1 then we have:

a—1 a—1

= <
Var= 1+ Var=2+... + {fa+1 n

By the squeeze theorem, we conclude that:

0< Va—1

lim a, =1
n— o0

If a =1 then a, = 1 thus lim,, . a, = 1.

If 0 < a < 1 then we can write a,, = ’\‘/% with b = % > 1. Thus, we have:

. T 1 1 1 1
im a, = lim SR s o =
nooo ' mn—oco \ b lim,, o0 {‘/B 1

4.3.4 Geometric Sequences

Definition 4.3.4 (Geometric sequence).

A geometric sequence is a sequence of numbers where each term after the first is found by
multiplying the previous term by a constant called the common ratio. The general form of
a geometric sequence can be expressed as:

ap =ag-r"

forn € N, ag € R, ag # 0 and r € R. We then have the following limites:

o If |r| < 1, then lim, . a, = 0.
o If r =1, then lim, ., a, = agp.

o If |r| > 1 or r = —1, then the sequence diverges.

Proof. Let (a,) be a geometric sequence defined by:

anp =ag-1"

forn € N, ap € R, ag # 0 and r € R. We analyze the limit of the sequence (a,) as n approaches
infinity based on the value of the common ratio r:

1. If r > 1:

We can rewrite r as r = 1 + & where x > 0. Then we have:

r”:(l—i—x)":l—!—(?)x—i—(Z)xQ—i—...—&—(Z)xnzl—i—(rll)x:l—l—nx Vn >1

Then by the Archimedean property, VM >0, In € N: (14 nz) > M:
laor™| = lao(1 + 2)"| = [ao||1 + nz| > |ao| M

Thus, the sequence is not bounded and diverges.
2. Ifo<r<1:
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Wecanrewriteasq:%>1andwehaveVM>0, dng € N: ¢" > M for all n > ng. Let € >0
and M = IaTol we then have:

a 1 €
q">M = —=r"<— Vn>ng
q° |ao
Thus, we have:
lapr™ — 0] < e Vn > mng
By the definition of limits, we conclude that:

lim a, =0
n—o0

3. If r=1:
We have agr™ = ag for all n € N. Thus, we have:

lim agr™ = ag
n—oo

Example. Let a,, = (—3)73". Then we have:

1 1
n=((— —-3\n _ _1—3_—3n: _1- no_ (_ n
an = (=3)7)" = (1) 37" = (<1 )" = (- )
Then r = —2—17 thus |r| < 1. By the definition of geometric sequence, we conclude that:

lim a, =0
n—oo

2n+41
Example. Let a,, = %ﬁ Then we have:

o EE- A (-2 (Y

Then r = \/g thus |r| > 1. By the definition of geometric sequence, we conclude that the
sequence diverges.

4.3.5 Properties of Limits
Some properties of limits:
o If limy, o0 n =1 € R, then lim, o |2z,] = |I|.
o If lim,_ |z,| =0, then lim, . x, = 0.
o If lim, o |zn| =1 € R*, then lim,,_,~ @, does not exist.

o If a, is bounded and b,, — 0, then a,b, — 0.

31



Proof. Let’s prove that if a,, is bounded and b, — 0, then a,b,, — 0.
Since (ay,) is bounded, there exists a constant M > 0 such that |a,| < M for all n € N. Since
(bn) converges to 0, for every € > 0, there exists a natural number N such that for all n > N,
|bn, — 0] < 7. This implies that:
€
by < —
bul <
Now, for all n > N, we have:
[anbul = lan] - [ba] < M - [bn] < M - — = ¢

This shows that for every e > 0, there exists a natural number N such that for all n > N,
|anb, — 0] < e. By the definition of limits, we conclude that lim, s @b, = 0. O

4.3.6 Alembert’s test

Theorem 4.3.5 (Alembert's test). Let (a,,) be a sequence such that a,, # 0 for all n € N and
=L > 0. Then:

QAn 41
a

limy, 0

o If L <1, then lim,,_, a, = 0.
o If L > 1, then the sequence (a,,) diverges.

o If L =1, the test is inconclusive.

Proof. Let L <1 Then we have:

Ap+1 Ap+1

2%

lim

n— oo

<L+e<l1

=L<1l = Ve>0, ANeN:Vn >N,

QAp

Let m > N, we have:

a Am—1 aAN+1 a _
m | 8m . . + _ 7ﬂ‘ < (l/%-é)nl N
Am—1 Am—2 anN [y
<L+e <L+e <L+e

We then have:
0 < |am| < lan|(L + €)™ N — 0 (Geometric Sequence)

By the squeeze theorem, we conclude that:

lim a,, =0
m— 00

Let L > 1. Then we have:

an+1 an+1

Qn

lim

n— oo

=L>1 = Ve>0, AN N:Vn >N,

>L—e>1

Qn

Let m > N, we have:

a Qo — a a
m m—1 N+1 _ rn‘ 2:(114*€)N17FJ
Gm—1 Am—2 an an
>L—e¢ >L—e¢ >L—e¢

We then have:
lam| > lan|(L — €)™ N — 0o (Geometric Sequence)

Thus, the sequence diverges. O
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If L =1 the test is inconclusive.

Example. Let a,, = n then we have:

n+1 1

i R g
n n

Qn

The sequence diverges.

Example. Let’s compute lim,,_, o, g—: By applying Alembert’s test, we have:

_<n+1>3.5“_<n+1>3_1<1+1)3%1<1
n 5

Qn

Hn+l n3 5n3 5)

By the definition of Alembert’s test, we conclude that:

Example. Let’s compute lim,,_, o, Sn—ﬂ, By applying Alembert’s test, we have:
et ! )
ntl) - == —0<1
an (n+1)! 5 n+1

By the definition of Alembert’s test, we conclude that:

Note that lim,, . %T,L = 0 since n! grows faster than S™ for any constant S.

4.4 Infinite Limits

Definition 4.4.1 (Infinite limit).

A sequence (a,,) is said to diverge to infinity (or negative infinity) if for every real number
M > 0 (or M < 0), there exists a natural number N such that for all n > N, a,, > M (or
an < M). In this case, we write:

lim a, = +oo or lim a, = —00
n—o0 n—oo

Note that not all divergent sequences diverge to infinity. For example, the sequence defined by
an = (—1)™ oscillates between —1 and 1 and does not diverge to infinity or negative infinity.
4.4.1 Properties of infinite limits and indeterminate forms

o limy, oo ay, = 00 = limy 00 by = limy, o0 (ap, + by) = 00

o lim,, o a, = £o0 and b, is bounded = lim,, o (ay + b,) = oo

o lim, yoo b, =00 and a, > b, (Vn>ng) = lim,_e0 ap = 0
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o If a, is bounded and lim;, o by, = 00, then lim,, , > =0

=400 and a, #0 Vn = (a,) does not converge

: QApn 41
o lim, oo ™=

Some indeterminate forms are:
0 00— 00
000

+oo
+oo

o

0]
olo

Example. Let a,, = v/n — v/n + 2. Since if we take the limit directly we have an indetermi-
nate form of type co — co, we can write:

(vVn—vn+2)(y/n++v/n+2) n—(n+2) -2

in NN ] T ntvnt2 JVit+vmi2

We then have:

lim a, = lim 2 =0

=
n—o0o n—»oo\/ﬁ+y/n+2_g

Example. Let a, = n? — n. Since if we take the limit directly we have an indeterminate

form of type oo — oo, we can write:

1
an =n? —n =n? (1—)
n

1
lim a, = lim n2<1—>:oo~1:oo
n

n—o0 mdee]

We then have:

Example. Let’s compute lim,,_s oo Hf-?jfn) - (n 4 1). Since if we take the limit directly we

have an indeterminate form of type 0 - co, we can write:

1 +cos(n)

T “(n+1) =1+ cos(n)

n

We then have:
lim a, = lim 1+ cos(n)
mdee] n— oo
The sequence does not converge since cos(n) oscillates between —1 and 1.
Note that (cos(n)) and (sin(n)) are divergent sequences.

Proof. Let’s suppose that 3lim,,_,(cos(n)) =1 € R. Then we have:

Ve >0, 3N e N:V¥n > N, |cos(n) — ]| <e
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Let e = %, then we have:

1 1
VnZN,l—§<cos(n)<l—|—§

We then have:

1 1 3
VnZN,—lgcos(n)<l+§ = l+§>—1 = l>—§

and

1 1 3
VnZN,l—§<cos(n)§1 = l—§<1 — l<§

Thus, we have —% << %
Let k € N such that & > N and cos(k) > I. Such a k exists since cos(n) oscillates between —1

and 1. Then we have: ]
l<cos(k)<l+§

Let m € N such that m > k and cos(m) < I. Such a m exists since cos(n) oscillates between —1
and 1. Then we have:

1
l—§<cos(m)<l

We then have:

1
|cos(k) — 1] < 3
and
|cos(m) — 1] < 1
2
But we also have:
| cos(k) — cos(m)| = |cos(k) — 1 + 1 — cos(m)| < |cos(k) — 1] + |l — cos(m)| < % + % =l

But we know that | cos(k) — cos(m)| can be as large as 2 since cos(n) oscillates between —1 and
1. This is a contradiction. Thus, our initial assumption that lim,,_,(cos(n)) =1 € R must be
false. Therefore, we conclude that the sequence (cos(n)) does not converge. O

Theorem 4.4.1. For all growing (decreasing) sequences that is upper (lower) bounded con-
verges to a limit [ € R which is its supremum (infimum).
For all growing (decreasing) sequences that is not upper (lower) bounded diverges to 400
(respectively —o0).
It’s denoted by:

(an) T <& (ap) is growing

(an) 4 & (an) is decreasing
Proof. Let (a,) 1 and upper bounded. The we have:
3l = sup{an,n € N}
By the definition of supremum, we have:

Ve >0, 3N eN:Vn> N, |a, — 1| <€
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Since (a,) is growing, we have:
ay<a, m>N — l—a, <l—apn

Thus, we have:
0>l-a,>e = |l—ap| > e = lim a, =1
n—oo

Let (a,,) 1 not upper bounded. Then we have:

VA >0, Jan, > A4, (an) T Vn2>2ng = an > ap, > A = lim a, =+

n—r oo
The proof for decreasing sequences is similar. O
4.5 The number e
Let (zn): zo=1, 2, =(1+2)" foralln>1andlet (y,): Yo=1, 4y =14 5+ 57 +... +
for all n > 1. We then have:
o x, <y, forall n € N.
oy, <3forallnelN
o (yn) T for all n € N.
o (zp) T forallneN.
Proof. 1. Let’s prove that z,, <y, for all n € N. We have:
Uom n\ 1 AN n\ 1
with: .
n) (1" N 1 n n-1 n—k+1 _ 1
kE)\n) —kln—k'\n) kK _n n n k!
N~ S —
<1 <1 <1
Thus, we have:
n\ 1 n\ 1 n\ 1 1 1 1
= - = e I T S SO R
Tp 1+(<1> n)+(<2> n2)+...+((n> nn) Sltqgtgtt g =un
for all n > 1.
2. Let’s prove that y,, < 3 for all n € N. By recurrence, we have:
1 1
Initialization: for k = 1, we have 1 < 1 which is true.
Heredity: let’s suppose that % < %%1 for some k > 1. Then we have:
1 1 1 1
= < < —
(k+1)!  (k+ 1Dk — (kK4 1)2k-1 — 2k
Thus, we have:
1 1 1 1 1 1 1-(3)" 1
n=1l4+—4+——+... +=—<14+14+=4-+... =1 <1 =1+2=3
Y +1!+2!+ +n!_ ++2+4+ —|—2n71 IF 17% 17% IF
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for all n > 1.
3. Let’s prove that (y,) 1 for all n € N. We have:

1 1 1
b4+ =yt > yn
nrat ot T ey Tt =Y

Yn+1 = 1+

for all n > 1.
4. Let’s prove that (z,) 1 for all n € N. We want to show that:

1 n+1 1 n
() 2 (40)
n+1 n

In other words, we want to show that the geometric mean (,/xy) is less than or equal to the
arithmetic mean (Z£%). More generally, we want to show that:

ag+ay+...+a
"Vagaq ...a, < &

n+1
Let ag =1 and a,, = (1 + %) Then we have:

L 1+ 1 "
n+1 (1_|_1> Swﬁ n+1 <1_|_1> SM:I—F 1
n

n+1 n+1 n—+1
1 n 1 n+1

= (1+3) = (1+55)
n n+1

Definition 4.5.1 (The number e).
The number e is defined as the limit of the sequence (x,,) or (yy):

. n" 1 1 1
e= lim (1+ — =lm (1+=+—=+...+ —
n—00 n n—co 1 2! n!
The number e is an irrational number approximately equal to 2.71828.

The following limits hold:

0 n —
ohmnﬁoo( —%) =e * VxeR
. !
o limy, o0 75 =0

sin( L
&) _

n

o lim,

o limy_y o0 sin(%) =0
4.6 Sequences defined by recurrence

Definition 4.6.1 (Linear recurrence).
A linear recurrence relation is an equation that defines a sequence of numbers based on a
linear combination of its previous terms. The general form of a linear recurrence relation
of order k can be expressed as:

An+1 = qan + b
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for n € N, ag € R and ¢,b € R. We have the following:

o If |g| > 1 then the sequence diverges except if (a,) is a constant sequence.

o If |g| < 1 then the sequence converges to 1—3(1

Proof. 1. Let’s prove that if |g| > 1 then the sequence diverges.

Let |¢| > 1 and ap = ﬁ. Then we have:

b b b
= b=¢- —— 4+ b= — 1—-q)= — =
a; =qap +6=gq 1—q+ 1_q(‘1+ q) T—g 0
By recurrence, we conclude that (a,,) is a constant sequence.
Let |q| > 1 and ag # ﬁ. Then we have:

lany1 — 1] = |q|n+1 “|ao — 1|

Since |q| > 1, we have |g|" T — oco. Thus, the sequence diverges.
If ¢ = 1 then we have:
Op+1 = ap + b
which is an arithmetic sequence that diverges except if b = 0 in which case (a,) is a constant
sequence.
If ¢ = —1 then we have:
Ap4+1 = —0p +b
which oscillates between two values.
2. Let’s prove that if |g| < 1 then the sequence converges to qu =1
Let |¢| < 1. Then we have for all n > 1:

0 < |ans1—1| = |gan+b—1| = |gan+b—(ql+b)| = |q|-|an—1| = |g|*|an_1—1| = ... = |g|" " |ap—I|
Since |q| < 1, we have |g|" T — 0. By the squeeze theorem, we conclude that:

b
lim a, =1= ——
n— 00 1—g¢q

Definition 4.6.2 (Non-linear recurrence).

A non-linear recurrence relation is an equation that defines a sequence of numbers based on
a non-linear combination of its previous terms. The general form of a non-linear recurrence
relation can be expressed as:

ant1 = flan)

forn e N, ap € Rand f: E— E CR. We have the following:
odm,MeR: m<glx) <M VzekFE
o gis growing : Va1,29 € E : 1 < x5 = g(x1) < g(x2)
Then the sequence (a,) is bounded and growing thus it converges to a limit [ € R.

Note that if (2) is replaced by (2’) g is decreasing : Va1,20 € E : 21 < 23 = g(x1) > g(22), then
the sequence (a,,) is not bounded (but a,, might converge).
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Example. Let .41 =5 — Ii and zg = 4. Then we have for the limit:

§
l=5—7 & 2-5l+46=0 & 5 =21,=3

We remark that g(z) =5 — £ is a growing function for > 0 then (z,) is bounded. If we

compute the first terms of the sequence, we have:

.’£0:4

=35<x

N~

m1:5_Z:

2
$2:57?:7<$1

Thus (x,) is a decreasing sequence. We want to find a lower bound. Let z > 3 we have:

>3

Thus since g = 4 > 3, x; > 3 and x,, > 3 implies that g(z,) = x,4+1 > 3. Thus, we have
z, > 3 for all n € N.

Some recommendations to study sequences defined by recurrence:

o Find candidates for the limits by solving the equation | = f(I). If there’s no solution, the
sequence diverges.

o Study the monotonicity of f (make a graph if possible).
Linear Recurrence: z,.1 = qx, + b then:

— If |¢| < 1 then (z,) converges to 2.

q
— If |¢| > 1 then (x,,) diverges except if (zg) = ﬁ (constant sequence).

— If |q| = 1 then (z,,) diverges except if (z,,) is constant.
Non-linear Recurrence: 1 = f(z,) with f(x) growing implies that (z,) is bounded.

— If 29 < 2 then (z,,) T, we need to show that (z,) is upper bounded.
— If 2y > 1 then (z,) |, we need to show that (z,) is lower bounded.
In both cases (z,,) converges to a limit [ € R.

Proposition: If (z,) and (a,) two sequences such that 0 < a, < 1 for all n € N and
HFeR: (xpr1 — 1) = an(xz, —1). Then (z,) converges.

4.7 Subsequences

Definition 4.7.1 (Subsequence).

A subsequence of a sequence (a,) is a new sequence formed by selecting specific elements
from the original sequence while maintaining their order. Formally, if (a,) is a sequence
and (ny) is a strictly increasing sequence of natural numbers, then the subsequence (a,, )
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is defined as:
(Qnys Qngy Qngy - - )

where n1 <ng <nz < ...

Example. Let a,, = (—1)™. Then we have two subsequences:
asp, =1 and agpy = —1
We can write that as, C a, and as,4+1 C a,. Both subsequences converge but the original

sequence diverges.

Theorem 4.7.1. If a sequence (a,) converges to a limit [ € R then all its subsequences
converge to the same limit [.

Proof. Let (ay,) be a sequence that converges to a limit I € R and let (a,, ) be a subsequence of
(an). We have:
Ve >0, AN eN:Vn > N, |a, — 1| <e¢

Since (ny) is a strictly increasing sequence of natural numbers, we have:
ng >k VkeN

Let k > N, then we have:
ng >N = |ap, — 1] <e

Thus, we conclude that:
lim a,, =1
— 00

4.7.1 Bolzano-Weierstrass Theorem

Theorem 4.7.2 (Bolzano-Weierstrass Theorem). Every bounded sequence of real numbers
has a convergent subsequence.
4.7.2 Cauchy subsequence
Definition 4.7.2 (Cauchy subsequence).
A subsequence (ay, ) of a sequence (ay,) is called a Cauchy subsequence if for every ¢ > 0,

there exists a natural number N such that for all m,n > N, the following condition holds:

lan,, —an,| <e€

Theorem 4.7.3. A sequence of real numbers is Cauchy if and only if it converges.

If we have lim,, o0 (@ntx — an) = 0 for all k € N, this does not imply that (a,) is Cauchy.
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Example. Let a,, = v/n. Then we have:

B 3 n_(\/n+k—\/ﬁ)(\/n+k+\/ﬁ)_ k
nak — An =V +k—/n= oG i _\/m+\/ﬁ_>0

But (a,) is divergent which implies that it is not Cauchy.

4.8 Upper limit and lower limit of a sequence

Definition 4.8.1 (Upper/lower limit).
Let (a,) be a bounded sequence of real numbers. Two sequence can be defined as follows:

yn = sup{ag : k > n}

zn = inf{ay : &k > n}

The sequence (y,,) is called the sequence of upper bounds, and the sequence (z,) is called
the sequence of lower bounds. Both sequences are monotonic, with (y,) being decreasing
and (z,) being increasing. Since both sequences are bounded, they converge to limits L and
[ respectively. These limits are called the upper limit (or limit superior) and lower limit (or
limit inferior) of the sequence (ay,):

limsupa, =L = lim y,
n—o00 =C2

liminfa, =1 = lim z,
n—oo n—oo

It is always true that [ < L. If | = L, then the sequence (a,,) converges to the common
limit [ = L.

Example. Let a, = (—=1)" - (1 + -;) for all n € N. We can easily see that this sequence is
bounded since:
-2<a,<2 VYneN

We then have:

S RS N I S P N
In =722 7 9" T 16’ 257"
forn=1,2,3,4,5,.... We then have:
ittt 1+ ! d i =1
Yn = 4a 47 16’ 167 ) (n+ 1+(7:;)n+12)2 an nl—{réo Yn =
1

If limsup z, = [ and liminf z, = Iy, then there exists two subsequences (z,,) and (z,,,) such
that:

lim z,, =0; and lim =z, =1
k— o0 k—r o0
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If lim sup ,, = liminf z,, = [ then limz,, = [.
Remark also that if lim z,, = [ then limsup x,, = liminf z,, = [.

Example. Let a, = (—=1)"(1 + ). We then have:
limsupa, =1 and liminfa, =—1

Thus (a,,) diverges.

Example. Let a, =1 — % We then have:

1234
xn_(0a§7§71737"')
We then have: .
yn =sup{ax :k>n}=1—— and lim y, =1
n n— o0

Thus:
limsupa, =1 and liminfa, =1

Thus (a,) converges to 1.
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Chapter 5

Numerical Series

Definition 5.0.1 (Series).
Let (an)n>0 be a sequence of real numbers. The series with general term a,, is the sequence

defined by:
Sn = Z Q.
k=0

The sequence (S, )n>0 is called the sequence of partial sums of the series.

Definition 5.0.2 (Convergence of a Series).
A series Y >°  a, is said to converge if the sequence of its partial sums (S, ),>o converges.
In this case, we denote its limit by:

o0
S = Zan = lim S,
n=0

If the series does not converge, it is said to diverge.

Example. Let >-° (n. Then the sequence of partial sums is given by:

nin+1)

n
Sn=) k=0+1+2+3+...+n= 5

k=0

As n — o0, S,, = oo. Therefore, the series > > n diverges.

Example. Let Y 72 o 2% be a geometric series with first term @ = 1 and common ratio r = %
Then the sequence of partial sums is given by:

n

1 11 1 = (@ 1
S — =l o, = ] —
S I;JQk +tot ittt o g ( )

As n — o0, S, = 2. Therefore, the series Y -, 2% converges to 2.
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Similarly, the series ;> (r* = - for |r| < 1.
Example. Let Zzil % =1+ % + % + ... be the harmonic series. The sequence of partial

sums is given by:
n
= k;

Let’s show that S,, diverges as n — oco. By contradiction, assume that S, converges to
some limit L. Then we have:

Son=14 st b =St [t o
ATy T Ty T T ik Tnr2 T T2
Note that:
LS SRS NG DR
ntl n+2 T =" 2" 2
Thus, we have:
5277, 2 S, + =
Taking the limit as n — oo, we get:
1
L>L+ -
> L+ 5
which is a contradiction. Therefore, the harmonic series diverges.
Example. The series > -, ng converges. We can show that with:
“ 1 11 11 11 1
==ttt tlete)tete)t e
k=1
<255 <2 <22

We then have:

3

1 1
1eT s O
k= k=1

=S,

Thus, we get:
1 1
Sn<1+§Sn = §Sn<1 = S5, <2

Therefore, the sequence of partial sums (Sy,),>1 is bounded above by 2, we can also show

that it is increasing:

1
Sn+1*5n+m>sn

making (Sp)n>1 a monotone increasing and bounded sequence thus it converges. Hence,
the series " | % converges.
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Remark that the series > °° | -1 converges for all p > 1.

n=1 np

Definition 5.0.3 (Absolute Convergence).
A series ) a, is said to converge absolutely if the series of absolute values Y |an|
converges.

Theorem 5.0.1. If a series > a,, converges absolutely, then it converges.

Definition 5.0.4 (Necessary Condition for Convergence).
If a series )~  a, converges, then the general term a,, tends to 0 as n tends to infinity:

lim a, =0
n— 00

Proof. Let S, = >, _, ar be the sequence of partial sums of the series and it is Cauchy since it
converges. Thus, for every € > 0, there exists N € N such that for all m,n > N:

|Sm — S| <e
Without loss of generality, assume m > n. Then we have:
|Gpt1 + Gnpa + ... Fam| <e

In particular, for m = n + 1, we get:
|an+1| <e

Thus, as n — oo, a, — 0. O
=D~

Example. Let > >° # be a series. The general term -—*— does not tends to 0 as n

tends to infinity. Therefore, by the necessary condition for convergence, the series diverges.

Remark that the necessary condition for convergence is not sufficient. For example, the harmonic
. o0 1 . .
series ) >~ ; = has general term tending to 0 but diverges.

5.1 Tests for Convergence
5.1.1 Leibniz Test for Alternating Series

Theorem 5.1.1 (Leibniz Test). Let Y -, an, be a series such that:

o there exists p € N:Vn > p = |any1| < |anl,
o there exists ¢ € N:Vn > q¢ = an41 - a, < 0 (the terms alternate in sign),

o lim, o a, =0,

Then the series Y - a, converges.
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Example. Let > (—1)"L be the alternating harmonic series. We have:

o forallm > 1, |apt1] = %ﬂ < 1=a,l

nl Lo pynd <0,

o forallm >1, apt1-a, = (—1) = _n(n1+l) =

0 limy, 400 @y = limy, 00 (—=1)"2 =0,

n

Therefore, by the Leibniz test, the series > - (—1)"% converges.

5.1.2 Comparison Test

Theorem 5.1.2 (Comparison Test). Let > > ja, and Y .- b, be two series with non-
negative terms such that there exists N € N such that for all n > N, a,, < b,,. Then:

o if Y27 b, converges, then > a, converges,

o if >°° ; a, diverges, then Y ° b, diverges.

Proof. Assume that >°°7 b, converges. Let S¢ = Y"}'_ aj and S% = >")'_ by be the sequences
of partial sums of the series > >~ a, and Y -, by, respectively. Since a,, < b,, for all n > N,

we have:
n n
IR SR
k=0 k=0

for all n > N. Since Y o7 b, converges, the sequence (S%),>o is bounded. Therefore, the
sequence (S%),>¢ is also bounded. Moreover, since a, > 0, the sequence (S%),>¢ is increasing.
Thus, by the Monotone Convergence Theorem, the sequence (S%),>¢ converges, and hence the
series Y a, converges.

The second part of the theorem follows similarly by contraposition. O

sn! . . . .
Example. Let Y07 €% bhe a series. Let’s consider the absolute convergence of this series.

n=0 (n+1)2
We have:
cos n! 1
(12| = (n+1p
for all n > 0. Since the series Z;;OZO m converges, by the Comparison Test, the series

cosn!

(n+1)?

cos n!

(o)
Zn:O (n+1)2
it converges.

converges. Therefore, the series ZZOZO converges absolutely, and hence

Remark that if ZZO:O ap, has only positive (negative) terms, and the sequence of the partial sums
(Sn)n>0 is bounded above (below), then the series converges.

5.1.3 Alembert’s Ratio Test

Theorem 5.1.3 (Alembert’s Ratio Test). Let Y o, an be a series with positive terms. Sup-
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pose that the limit:

. Apn+41
L= lim 2F
n—o0 Gy

exists. Then:

o if L <1, the series Y~ a, converges,
o if L > 1, the series > a, diverges,

o if L =1, the test is inconclusive.

5.1.4 Cauchy’s Root Test

Theorem 5.1.4 (Cauchy's Root Test). Let a,, be a sequence and there exists the limit:

lim {/|a,|=L€eR
n—oo

or more generally:

limsup {/|an| =L € R

n—o0
Then:
o if L <1, the series >~ a, converges absolutely,
o if L > 1, the series > ; a, diverges,
o if L =1, the test is inconclusive.

The proof of this test involves using geometric series since we compare |a,| with L™ for large n.
Remark that:

o if limy o ‘a—+
n

1
2t =7 and limy, o0 |an|™ =1, then r =1,

An+41

1 . . . . .
o sometimes lim,,_, |a,|™ exists while lim,, o does not exist (and vice versa),

n

o if both limits are inconclusive (equal to 1), then no conclusion can be drawn about the
series’ convergence.
Example. Let >°7 | n = oo be a divergent series but:

Ap41
Gn,

. n+1
= lim =

n—oo n

lim

n—oo

1

and the series Y7 | - is convergent but:

1 2
Gn4l) _ i w: lim n -1
n—oo  —n n—oo \n+ 1

QAp

lim
n—oo
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Example. Let > 2 ; % be a series. We have:

10" (n+ 1) (2n)! . 10(n + 1) .10

anJrl
= 1m =

Qnp

= lim

li : =
e nooe (2m+1)l 107 -nl | noeo (2n+ 2)(2n + 1)

n—oo

Since 0 < 1, by Alembert’s Ratio Test, the series Y~ | 1(0;7')7; converges.

b .
Example. Let > 77 ) % be a series. We have:

‘m‘k«kl
. Ak+1 . k+1)! g €T
lim |[—*| = lim (+k) = lim i =
k—oo | ag k—o0 \QI”J' k—oo k+ 1

Since 0 < 1, by Alembert’s Ratio Test, the series > .- %I: converges for all x € R. Note
that this series defines the exponential function e® for all z € R.
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Chapter 6

Function of Real Numbers

6.1 Functions

Definition 6.1.1 (Real Function).

A function f : F — F, where E and F are subsets of R, is a rule that assigns to each
element x € E a unique element f(z) € F. The set E = D(f) is called the domain of the
function, and the set F' is called the codomain.

Definition 6.1.2 (Graph of a Function).
The graph of a function f : E — F'is the set of points in the Cartesian plane defined by:

G(f) ={(z, f(z)) | = € E}

Example. The graph of the function f(z) = 22 is the set of points:
G(f) = {(z,2”) |z € R}

Thus:
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6.1.1 Properties of Functions

Definition 6.1.3 (Increasing and Decreasing Functions).
A function f: E — R is said to be increasing on an interval I C FE if for all 1,29 € I such

that 1 < o, we have:

f(z1) < f(z2)

If the inequality is strict, i.e., f(z1) < f(z2), then f is said to be strictly increasing on I.
Similarly, a function f : E — R is said to be decreasing on an interval I C FE if for all

r1,To € I such that x1 < x5, we have:
fla1) > f(z)
If the inequality is strict, i.e., f(x1) > f(x2), then f is said to be strictly decreasing on I.
Note that a function (strictly) increasing or (strictly) decreasing on an interval I is also called

(strictly) monotonic on 1.

Definition 6.1.4 (Even and Odd Functions).
A function f: E — R is said to be even if for all x € E, we have:

f(=z) = f(z)
A function f: F — R is said to be odd if for all x € E, we have:
f(=z) =—f(z)

Graphically, even functions are symmetric with respect to the y-axis.

The function g(z) = 2® is odd since for all x € R, we have:
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Graphically, odd functions are symmetric with respect to the origin.

Y

Definition 6.1.5 (Periodic Function).
A function f: E — R is said to be periodic with period T" > 0 if for all € E such that

r+T € E, we have:
fl@+T) = f(z)

Example. The function f(x) = sin(z)? is periodic with period 27, since we have:

1 1
sin(z)? = = =5 — 5 cos(2)

> el _ oI 6211 —2+4e¢ 2ix
—4

Since cos(z) is periodic with period 27, we have that sin(z)? is also periodic with a period
of 7 (or sin(x)? is m-periodic). Graphically, we have:

Y

Example. Some functions are periodic but it’s impossible to find the smallest period. For

example, the function:
0 ifze
fz) = .
1 ifze¢Q
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In other words, for any rational number P:

rational + P = rational
irrational + P = irrational

Thus, f(z+ P) = f(x) for any rational number P, making f a periodic function without a
smallest period.
6.1.2 Boundedness and Extrema of Functions

Definition 6.1.6 (Bounded Function).
A function f : E — R is said to be bounded above on a set A C F if the set f(A) C R is
bounded above, i.e., there exists a real number M such that for all z € A, we have:

flx) <M

Similarly, f is said to be bounded below on A if the set f(A) C R is bounded below, i.e.,
there exists a real number m such that for all x € A, we have:

flz) =z m
If f is both bounded above and bounded below on A, then it is said to be bounded on A.
Definition 6.1.7 (Supremum and Infimum).

A function f : E — R has a supremum (least upper bound) on a set A C FE, denoted by
sup,e4 f(), if the set f(A) C R has a supremum. This means that:

ilelgf(m) = sup{f(z),z € A}

Similarly, f has an infimum (greatest lower bound) on A, denoted by inf,c 4 f(z), if the set
f(A) C R has an infimum. This means that:

inf f(z) = inf{f(z),z € A}

Example. Let f: (0,1) — R defined by f(z) = 22 + 3 be bounded on A = (0,1). Then:

sup f(z) =sup{a® + 3,z € A} =4 ¢ f(A)
T€EA

Similarly:
inf f(z) = inf{2® + 3,2 € A} =3 ¢ f(A)

z€A

Definition 6.1.8 (Local Maximum and Minimum).
A function f : E — R has a local maximum at a point zy € E if there exists § > 0 such
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that for all z € E with |x — x| < §, we have:

f(x) < f(xo)

Similarly, f has a local minimum at a point x¢ € E if there exists § > 0 such that for all
x € E with |z — zo| < J, we have:

f(@) = f(xo)

Definition 6.1.9 (Global Maximum and Minimum).
A function f: E — R has a global maximum at a point x¢ € F if for all x € E, we have:

f(@) < f(xo)

Similarly, f has a global minimum at a point zg € F if for all x € E, we have:

f(@) = f(xo)

Example. Let’s show the difference between local and global extrema graphically:

Y

-

If the max,ep f(z) (or mingep f(x)) exists, then f is bounded above (or below) on E and

sup, e f (%) = maxgep f(x) (or infoep f(x) = mingep f(2)).
A bounded function on E does not necessarily reach its bounds, i.e., the maximum or minimum
may not exist.

Example. Let f : [0,1) — R defined by f(x) = 22 + 3. We clearly see that f is bounded
but:
max f(z) =4 ¢ f([0,1))

z€[0,1)

i.e. f does not reach its upper bound and:

i.e. f reaches its lower bound at z = 0:

FO=3= 10 =4
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6.1.3 Types of Functions

Definition 6.1.10 (Surjectivity).
A function f: E — F is said to be surjective (onto) if for every y € F, there exists at least
one z € E such that f(z) =y.

Definition 6.1.11 (Injectivity).

A function f: E — F is said to be injective (one-to-one) if for every 1,2z € E, whenever
f(x1) = f(x2), it follows that xy = xo (i.e. there exists at most one x € E for each y € F
such that f(x) = y).

If f: E — F is not injective, it can be made injective by restricting its domain E and if f is not
surjective, it can be made surjective by adjusting its codomain F'.

Definition 6.1.12 (Bijectivity).
A function f : E — F is said to be bijective if it is both injective and surjective. In this
case, for every y € F, there exists a unique 2 € E such that f(z) = y.

Definition 6.1.13 (Inverse Function).
Let f : E — F be a bijective function. The inverse function of f, denoted by f~!: F — E,
is defined by:

f7'y) =z where f(z)=y

for every y € F.

By convention, for the trigonometric functions, the inverse sine, cosine, and tangent functions
are defined on restricted domains to ensure bijectivity:

o sin: [-Z,Z] — [-1,1], reciprocally arcsin : [-1,1] — [-Z, Z]

o cos: [0,7] — [—1,1], reciprocally arccos : [—1,1] — [0, 7]
o tan: (fg, g) — R, reciprocally arctan : R — (fg, g)
T

o cot : (0,7) = R, reciprocally arccot : R — (0,7)

Example. Graphically, the inverse function f~! of a bijective function f can be obtained
by reflecting the graph of f across the line y = x:

Y y=x
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Example. Let f = W

where f is bijective.
We have:

defined on R. Let’s find the biggest interval containing x = 1

1
—— is injective Vy € |0,+00
) j yel )

and

cos(x)? is injective Va € [0, g]

Since 1 € [0, 5], thus f is injective on the interval [O, g} We also have:

0= 1 =< [03]

is increasing since cos(z)? is decreasing on [0, g] and thus:

inf f(z)=1f (Z) _1 and  sup f(z)=f(0)=1

z€[0,%] 2 2 z€[0,%]

Therefore, f : [0, g] — [%, 1] is bijective and its inverse function is given by:

f~Y(y) = arccos <\/ﬁ> y € B, 1]

.1.4 Composite Functions

Definition 6.1.14 (Composite Function).

Let f: E — F and g : F — G be two functions. The composite function of f and g,
denoted by go f: E — G, is defined by:

(go f)(x) = g(f(2))

for every x € FE.

Example. Let f : R — R be defined by f(z) = 22 + 3 and let g : R — R be defined by
g(z) = 2%. Then, the composite function go f : R — R is given by:

(9o ) =g(f()) = g(2x +3) = (20 +3)* = 4a” + 122+ 9
Note that the order of composition matters, as f o g would yield a different result:

(fog)(z) = fg(x)) = f(2*) = 22° +3

Example. Let f : E — F be a bijective function with inverse f~! : F — E. Then, the
composite functions fo f~': F — F and f~'o f: E — E are given by:

(fof M) =Fff"Ww)=y VyeF
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and
(fTlof))=f""f(x)=x Vo€E

Thus, composing a function with its inverse yields the identity function on the respective
domains.

6.2 Limits of Functions

Definition 6.2.1 (Neighborhood).
A function f: F — F is defined on a neighborhood of a point zy € F if there exists ¢ > 0
such that:

{reF:0<|z—29| <} CFE

Remark that the function does not need to be defined at xg itself, only in its vicinity.

Example. Let f = % is defined on a neighborhood of o = 0 but not at xy = 0 itself
since f(0) is undefined.

Definition 6.2.2 (Limit of a Function at a Point).
Let f : E — F be a function defined on a neighborhood of a point x¢ € E. It is said that
the limit of f(z) as x approaches z is equal to L € F, denoted by:

if for every € > 0, there exists a § > 0 such that for all x € F with 0 < |z — z¢| < 0, we
have:

|f(z) — LI <e
Y
L+ef-a--------= f
L ,,,,,,,,,
L—e|--%--

Example. Let f(z) =3z — 1 and z9 = 1. Then:
lim f(z) = lim 3z — 1) =2
rz—1 rz—1
To show this using the e-d definition, let € > 0. We need to find 6 > 0 such that for all x

with 0 < |z — 1] < 6, we have:
|f(z) —2[ <e
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We have:
|[f(z)=2| =18z —1—-2| =32z — 3| = 3|z — 1
Thus, we want:

Br—1<e = |z—1<%

3
Therefore, we can choose = £. Hence, for all x with 0 < |z — 1| < J, we have:
[f(x) =2[ <e
This confirms that:
lim f(z) =2
z—1

Example. Let f(z) = vz = /%o, Vzo > 0. Then:

lim f(z)= lim vz = \/zo

Tr—rxo Tr—rxo

To show this using the e-d definition, let € > 0. We need to find 6 > 0 such that for all x
with 0 < |z — x| < J, we have:
‘\/5 = \/l'0| <e€

We have:
e WA= E VB yE el
Vo= vml = T e Vot v

To ensure that |v/x — /Tg| < €, we need:

|z — x0] <
VT + /Zol

Since we are considering x in a neighborhood of xg, we can assume that x is close to xg.
Thus, we can find a lower bound for |\/x + \/zo|. For instance, if we restrict = to be in the
interval [zg — 1,29 + 1] (assuming ¢ > 1 for simplicity), we have:

VT + /xo| > /T for all € [zg — 1,20 + 1]

= |z —xo| < |VT + /T0|

Therefore, we can choose § = €,/xg. Hence, for all z with 0 < |z — 29| < §, we have:

V- ol < e

This confirms that:

lim f(x) = /T

Tr—x0

6.2.1 Caracterization of Limits by Sequences

Theorem 6.2.1 (Caracterization of Limits by Sequences). Let f : E — F be a function defined
on a neighborhood of a point ¢ € E. Then, the limit of f(x) as x approaches xg is equal
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to L € F,ie.
lim f(z)=1L

T—rTo

if and only if for every sequence (x,,) in F such that lim,,_, o @, = z¢ and x,, # x¢ for all

n, we have:
lim f(z,) =1L

n—-4o0o

Proof. (=) Assume that lim,_,,, f(xz) = L. Let (x,) be asequence in F such that lim,,_, - z, =
xg and x, # x¢ for all n. For every € > 0, there exists § > 0 such that for all z € E with
0 < |z — zo| < J, we have:

|f(z) = L| <e

Since lim,, 4o Tn, = T, there exists N € N such that for all n > N, we have:
|€n — xo| <6

Therefore, for all n > N, we have:
|f(xn) - L| <€

This shows that lim,,, o f(zn) = L.
(<) By contraposition, assume that lim, ., f(z) # L. Then, there exists €y > 0 such that for
every ¢ > 0, there exists z € F with 0 < |z — zg| < § such that:

|f(z) = LI > &

For each n € N, let § = +. Then, there exists x,, € E with 0 < |z, — x¢| < % such that:

|f(zn) = L] = €0

This defines a sequence (z,) in E such that lim, . ¥, = z¢ and x,, # xo for all n. However,
we have:

|f(zn) = LI Z €
for all n, which implies that lim,, o f(2,) # L. This completes the proof. O

Remark that the property needs to be true for every sequence converging to xy and not just for
some particular sequences.

Example. Let f be defined by:

0 otherwise

_ 1 *
f(ac):{l z=-n€N

We clearly see that lim,_,¢ f(z) does not exist but for the sequence x,, = 71w we have:
li = ]l
ol f(@n)

Showing the importance of the ”for every sequence” condition in the theorem.

Let f: E — F defined on a neighborhood of xg. Let’s suppose that for all sequences (z,) in E
such that lim, 4 , = xp and z, # xg for all n, we have:

(f(xy)) is convergent = lim f(x) exists.

Tr—x0
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Proof. Let’s prove this by contradiction. Assume that lim,_,,, f(x) does not exist. Then, there
exist two sequences (z,,) and (y,) in E such that lim,_, oo n = Zg, lim,— 1 o0 Yy = o, and:

lim f(z,)=L; and lm f(y,) = Lo

n—-+oo n—-+o0o

with Ly # Lo. Now, we can construct a new sequence (z,) by interleaving the terms of (z,) and

(Yn):
Z2on = Tnp and 2on+1 = Yn

for all n € N. This new sequence (z,) also converges to xg since both (z,) and (y,) converge to

xo. However, the sequence (f(z,)) does not converge because:

ngr}rloo f(z2n) = L1 and ngl}rloo f(z2n+1) = Lo

with Ly # Ls. This contradicts our assumption that for all sequences converging to xg, the
sequence (f(x,)) is convergent. Therefore, our initial assumption that lim,_,,, f(z) does not
exist must be false. Hence, we conclude that lim,_,,, f(z) exists. O

Example. Let f(z) = 2P, p € N*. Then, we have:

lim f(z) = lim 2P = zf
T—rT0o T—rT0o

To show this using the caracterization by sequences, let (z,) be an arbitrary sequence such
that lim,,_, o *, = z¢ and z,, # x¢ for all n. Additionally, let a,, = x,, — ¢ for all n € N
such that lim,,_, 4 a, = 0. We have:

o) = (ot o =30 (7)af ol
k=0

Since lim, 4o a, = 0, we have:
P
ngrfoo flzn) = Z <ZI:;> g% 0k = 2f
k=0
Therefore, by the caracterization of limits by sequences, we conclude that:

g —_ P
wlgglo f(z) =g

Definition 6.2.3 (Uniqueness of Limits).
Let f: F — F be a function defined on a neighborhood of a point z¢y € E. If the limit of
f(z) as x approaches xq exists, then it is unique. In other words, if:

lim f(z)=L; and lim f(z)= Lo

rT—rT0o r—>To

then L1 = L2.

Proof. Assume that lim,_,., f(r) = L1 and limg_,,, f(z) = L2. Let (z,) be an arbitrary
sequence such that lim,, . x, = ¢ and x,, # x¢ for all n. By the caracterization of limits by
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sequences, we have:
lim f(z,)=1L; and lim f(x,) = Ls

n—-+oo n—-+00

Since the limit of a sequence is unique, we conclude that Ly = Lo. Therefore, the limit of f(z)
as x approaches xg is unique. O

Theorem 6.2.2 (Cauchy Criterion for Limits of Functions). Let f : E — F be a function
defined on a neighborhood of a point g € E. Then, the limit of f(x) as x approaches
exists if and only if for every € > 0, there exists a 6 > 0 such that for all z,y € E with
0<|z—20| <dand0<|y—xo| <J, we have:

|f(z) = f(y)l <e

6.2.2 Operations on Limits

Definition 6.2.4. Let f : E — F and g : E — F be two functions defined on a neighborhood
of a point xg € E such that the limits lim,_,,, f(z) = l; and lim,_,,, g(z) = I3, then we
can define the following operations on their limits:

o Sum: limg_y,(af(z) + Bg(x)) = ady + pla

o Product: limg ., (f(z)-g(x)) =11 - Is

o Quotient: If ls # 0, then lim,_, ., (;Eg) = %

For all polynomial function P and rational function R = % (with Py # 0) defined for all o € R

except the roots of P, we have:
lim P(z) = P(xg) and lim R(z)= R(xo)
T—To T—To
Example. Let’s compute the limit:

o225 33+ 22 +1
lim
=1 4+ 222 — 62

We have:

lim(22° — 323 + 22 +1) =2(1)° = 3(1)* +2(1) +1=2-3+2+1=2

z—1

and:
liml(x4 + 202 —62) = (1)*+2(1)2-6(1)=1+2—-6=—-3
r—

Therefore, we can apply the quotient rule:

o205 =33 42+ 1 2 2
lim ===

z—1  z* 4+ 222 — 62 -3 3
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Theorem 6.2.3 (Sandwich Theorem for Functions). Let f,g,h : E — F' be three functions
defined on a neighborhood of a point g € E. If there exists a > 0 such that for all
ze€{r € FE:0<|x— x| <a}, we have:

f(@) < g(x) < h(z)

and if:

then:
lim g(z) =1L
r—To

Proof. Let (a,) € {x € E—{z}} be a sequence such that lim, ;. a, = 9. There exists
m € N :Vn > m we have:
0 < |an — x| < @

Thus, for all n > m, we have:
flan) < g(an) < h(ay)

Since lim, ., f(z) = L and lim,_,,, h(x) = L, by the caracterization of limits by sequences, we

have:
ngr-‘,r-loof(a’n) =L and nBI—IQ—loo h(an) =L
Therefore, by the Sandwich Theorem for Sequences, we conclude that:

lim g(a,)=1L

n—-+oo

Since the sequence (a,,) was arbitrary, by the caracterization of limits by sequences, we conclude
that:
lim g(z) =1L

Tr—rTo

Example. Let g : R — R a function such that lim,_,¢ g(z) = 0, then:

m+/1+g(z)=1

li
z—0

To show this, we can use the Sandwich Theorem. We know that:

1
1—t|§\/1+t§'1+2t V> —1
Since:
£2 £\ 2 1
and:

t>0 = 1—t|=1-t<1<Vi+t and —-1<t<0 = 1—|t|=1+t<VI+¢
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Thus, since lim,_,¢ g(x) = 0, there exists 6 > 0 such that if |z| < d, we have:
lg()| <1 and g(z)>—-1

Therefore, we have:

1 lg(o)] < VT 90 < [1+ 3000
———

—1 (z—0) \—(/—)’
—1 (z—0

By the Sandwich Theorem, we conclude that:

m+/1+g(x)=1

li
z—0

Example. Let f(z) = 22 - cos (1) be a function not defined in x = 0. We want to compute:

x

lim f(x)
z—0
We have:
p) 2 1 2
—1<COS<)<1 — —x° <z cos(><x
v x
x2>0
Since:
lim —2?2=0 and limz?>=0
x—0 x—0
By the Sandwich Theorem, we conclude that:
. 2 1
limx“-cos|{—) =0
x—0 x
From the example above, we can also visualize the functions:
Yy Yy
\_/ \/ v
Graph of cos (1) Graph of 2? - cos ()

Example. Let’s compute the limit:
sin x

z—0 X
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For x close to 0 (x # 0 thus sinz # 0), we can bound sinz by:
|sinz| < |z| < |tan x|
Since sinz # 0, we can divide the inequalities by |sin x|:

T 1
— K
sinz — coszx

1<

1<

T
el <

sinx cosT

We have:
cos2a = (cosa)? — (sina)? =1 —2(sina)> = 1— cos2a = 2(sina)?

and:

AN AN z2 2 z?
| cosx| = 2|(sin 5 ‘ sin 7)) S 2 5 5 = cosx | < 5

By the Squeeze Theorem, we have:

2

x
0<|1—-cosz|<— = lim|l—-cosz|=0 == limcosz=1
2 x—0 x—0
and:
. 1
lim =1l
z—0 COS T

Finally, by the Squeeze Theorem, we conclude that:

93 1 . x . sinz
1< — < - lim — = 1l - lim = 1l
sinz — cosx z—0 sin x z—0
——

6.2.3 Limits of Composite Functions

Theorem 6.2.4 (Limits of Composite Functions). Let f : E — F and g : F' — G be two
functions such that limg_,,, f(z) = yo and limy_,, g(y) = L. If there exists a > 0 such
that for all z € {y € E: 0 < |y — mo| < a}, we have f(z) # yo, then:

lim g(f(z)) = L

T—>T0o

Remark that the condition f(x) # yo is necessary because g(yo) might not be defined and thus
we cannot have f(z) approaching yo directly.

Proof. Let limy_,,, g(y) = L, we have for a given € > 0, there exists d; > 0 such that for all
y € F with 0 < |y — yo| < 01, we have:

lg(y) — L <e

Since lim, 4, f(z) = yo, there exists d2 > 0 such that for all z € E with 0 < |z — xg| < d2, we
have:

|f(z) — yol < &1

63



Let § = min(w, d2), then for all x € E with 0 < |z — z¢| < J, we have:
|f(@) — ol < b1

and since f(z) # yo, we can apply the first inequality:
l9(f(x)) — L[ <€

Therefore, we conclude that:

lim g(f(z)) =1L

T—T0o

This theorem allows to change the variable in a limit computation.

Example. Let’s compute the limit:

cos(4x) — cos(2x)

lim
x—0 x

If we compute the limit directly, we get the indeterminate form %. To resolve this, we can

use the trigonometric identity (cos(2a) = 1 — 2(sina)?), we get:

(sinx)? — (sin(22))?

1 — (sin(22))? — 1 + 2(si 2
(sin(2x)) + 2(sinx) — lim 3.

lim 5
z—0 x

z—0 x

Thus, we can rewrite the limit as:

o | (e (N | g o
12()( >4 2(1—4)=—6

x—0 xT 2x

—12 —12

Example. Let’s compute the limit:

i Vo +2—+2x
im ————
=2 Jr—1-1
Again, if we compute the limit directly, we get the indeterminate form %. To resolve this,
we can multiply the numerator and denominator by the conjugate of each:

(Vz 2 —V22) (Vo + 2 +V2x) g &2 2 Vr—1+1

lim = lim

=2 (Va—1-1)(Vz—1+1) -2 (z—1)—1 z+2+2z

Thus, we can rewrite the limit as:

T 2—x I ver—14+1 1 vV2—-1+4+1 1+1 1

1m s im —- = —1 - = — —

e=21—2 292z +24 2z V2+2+4 242 2

Remark that by the theorem above, lim,_,q qmt((t% = 1iflim; 0 t(x) = 0 and ¢(x) # 0 for z # 0
close to 0.
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Example. Let’s compute the limit:

sin(va +1—2)

lim ——=
r—3 rx—3

Since lim,_,3+v/x + 1 — 2 = 0, we can rewrite the limit as:

lmsin(\/x+1—2) \/ac—|—1—2_hmsin(\/x—|—1—2) r+1-4 1
253 Jr4+1-—2 r—3 293 Jr+1-2 JVz+1+2 z-3
—_— ———
—1

Thus, we can rewrite the limit as:

sin(vx +1-2) z—3 1 1 1

lim : : —floflo ——— =
-3 Jr+1—-2 x—-3 VJr+1+2 Vi+2 4
Remark that the sin simplification would not be valid, for example, if ¢(z) = 2 cos(2) because
the function t(z) is not defined in the neighborhood of 0.

Example. Let’s prove that the limit lim,_ sin(%) does not exists. To show this, we can

consider two sequences (a,,) and (b,,) defined by:

1 1
ap=— and b,=—F7—
™ o I 2mn
for all n € N*. We have:
lim a,= lim b,=0
n—-+oo n—-+oo

However, we have:

1
lim sin () = lim sin(mn) =0
n—+00 [o7% n—+00

and: )
lim sin{— )= lim sin (z + 27T7’L) =1
n—-+oo bn n—-+oo 2

1
an

Since the two sequences (sin(-1)) and (sin(;)) converge to different limits, by the carac-

terization of limits by sequences, we conclude that the limit lim,_,q sin( 1) does not exists.

T
In general, to prove that a limit does not exits, two sequences converging to the same point can
be used to show that the function values converge to different limits.

Example. Let’s compute the limit:

x—0

lim z - sin (;) where D(f) =R —{0}
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By using the Squeeze Theorem, we have:

1
—1<sin—<1 <= (I
48

Multplying by |z| (which is positive when x — 0), we get:

0<

1
x-sin—| < |x]
x

=0

Thus, by the Squeeze Theorem, we conclude that:

lim x - sin <1) =0
x—0 ag

6.2.4 Limits at Infinity and Infinite Limits

Definition 6.2.5 (Neighborhoods of Infinity).
Let f : E — F is defined on a neighborhood of +o0o (resp. —oo) if there exists a € R :
(o, +00) C E (resp. (—o0,a) C E).

Definition 6.2.6 (Limit at Infinity).

Let f: E — F be a function defined on a neighborhood of +oco (resp. —oo). It is said that
the limit of f(x) as x approaches +oco (resp. —o0) is equal to L € F if for every € > 0, there
exists M > 0 such that for all x € E with > M (resp. x < —M), we have:

[f(z) — L] <€

This is denoted by:

Tr—r—+00

lim f(z)=1L <resp. EI}l flz) = L)

In this case, it is said that the function f has a horizontal asymptote y = L at +oo (resp.
—00).

Example. Let’s prove that the limit:

lim — =0
z—00 T2

To show this, let € > 0 be given. We need to find M > 0 such that for all z > M, we have:
1
‘12 — 0‘ <€
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We have:

1
0’<e — > = >
€

Sl-

Thus, we can choose M = ﬁ Therefore, for all x > M, we have:

1
‘1:2 - O‘ < €
Thus, we conclude that:
. 1
g7 =0

Definition 6.2.7 (Infinite Limits).

Let f: F — F be a function defined on a neighborhood of g € E. It is said that the limit
of f(x) as x approaches xg is equal to +o0o (resp. —oo) if for every M > 0, there exists
d > 0 such that for all z € E with 0 < |z — z¢| < J, we have:

flz) > M (resp. f(x) < —M)
This is denoted by:

lim f(z) =+oc0 (resp. lim f(z)=—o0)

Tr—xQ T—T0

In this case, it is said that the function f has a vertical asymptote x = xg.

Example. Let’s prove the following limit:

To show this, let M > 0 be given. We need to find § > 0 such that for all x € F with
0 < |z —0| <4, we have:

We have: g ]
S>M == |7|<—=
X

VM

L. Therefore, for all z € E with 0 < |z| < &, we have:

Thus, we can choose § =

VM
1
2 > M
Thus, we conclude that:
1
lim — = +o00
x—0
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Example. Let’s show that the following limit does not exist:

To show this, we can consider two sequences (a,,) and (b, ) defined by:

1 1
a,=— and b, =——
n n
for all n € N*. We have:
lim a,= lim b,=0
n—+oo n—+oo
However, we have:
lim — = lim n=+o00
n—-+oo an, n—-+oo
and:
. 1 .
Im — = lim —-n=-c
n—+00 0O, n—+4o0o

Since the two sequences (i) and (ﬁ) converge to different limits, by the caracterization
of limits by sequences, we conclude that the limit lim,_,q % does not exist.

Definition 6.2.8 (Infite Limits at Infinity).

Let f: E — F be a function defined on a neighborhood of +oco (resp. —oo). It is said that
the limit of f(z) as x approaches 400 (resp. —c0) is equal to +oo (resp. —oo) if for every
M > 0, there exists X > 0 such that for all z € E with © > X (resp. z < —X), we have:

flx) > M (resp. f(z) < —M)
This is denoted by:

Note that all results shown for limits at finite points can be adapted to limits at infinity and vice
versa.

Example. Some examples of infinite limits at infinity are:
lim x = +o0, m r=-—00, lim e* = +4o0, lim e*=0

li
r—+o0 T——00 r—+o0 Tr——00

6.2.5 Indeterminate Forms

When computing limits, we can encounter some indeterminate forms such as:

o

g8 <8l e
8

|
8
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o 0° (will be seen later)
o 1% (will be seen later)

o oo’ (will be seen later)

Example. Let’s compute the limit:

lim (V2% 4 2z — x)
r—r00

If we compute the limit directly, we get the indeterminate form co — co. To resolve this, we
can multiply the expression by its conjugate:

Va2 42 2+ 22) — 2? 2
lim (Vo t 2m— ). Y t22te @A B
T—00 VaZ42x+ax w00 Vr242x 4+ ooz 4 2r +

Thus, we can rewrite the limit as:

i 2 2 2
1m = —

Example. Let’s compute the limit:

lim (V2 + 2z + 1)

r—>—00

If we compute the limit directly, we get the indeterminate form oo — co. To resolve this, we
can multiply the expression by its conjugate:

V2 + 2z — 24 22) — 2 2
lim (Va?toz4a) Yo trEme oy, @AW z

&——00 Va4 2x —x  wo-o a2 4 2x —x  ro-o /a2 42z — 1

Thus, we can rewrite the limit as:

lim 1 2 -1

2x e
z——00 /x2 14 % o z——00 —(E( 1424 1)
—~— V 5

|z|=—z (x——00)

Example. Let’s compute the limit:

If we compute the limit directly, we get the indeterminate form %. To resolve this, we can
make a change of variable t = x — 1:

. i 1
, Sln(i(t;))+(t+1)2*2(t+1) _ sin(ZE4+E) 4242t +1—2t—2
lim = lim
t—0 t2 t—0 12
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By using the trigonometric identity sin(a + 5) = cosa, we get:

Again, by using the trigonometric identity cosa = 1 — 2(sin %)2, we get:

— mt 2 (Tt mt)2 2

e 2(sm4) +t — lim 1_2(5111(4)) (4) ™

t=0 12 =0 (%)2 {2 8
—1

6.2.6 Properties of Infinite Limits

The properties of limits shown previously can be adapted to infinite limits. Here are some
examples:

o

o

If limy 4, f(z) = oo and lim,_,,, g(x) = £oo, then lim,_,,, (f(x) + g(z)) = £oo

If limy_yq, f(z) = +o0 and lim, ., g(z) = L € R*, then lim,_,,,(f(z) - g(x)) = +o0o if
L>0and —o0if L <0

If limy_, 4, f(z) = £oo and g(z) is bounded in a neighborhood of xg, then lim,_,,, (f(z) £
g(x)) = +o0

If limg 4, f(z) = £oo, then lim, ., ﬁ =0

If lim, ., f(z) = 0 and f(z) # 0 in a neighborhood of zg, then lim,_,,, ﬁ = +oo if

f(z) > 0 in a neighborhood of zy, —oo if f(x) < 0 in a neighborhood of zy and does not
exist otherwise

If lim, ., = +00 (—o0) and g(z) > f(z) (9(x) < f(z)) for all z in a neighborhood of xy,
then lim,_,,, g(z) = +00 (—00) (Squeeze Theorem)

Note that these properties are aslo valid for limits at infinity.

6.2.7 Right and Left Limits

Definition 6.2.9 (Right and Left Limits).

Let f: F — F be a function and zy € R be an accumulation point of E.
It is said that the right limit of f(z) as z approaches zg is equal to L € F if for every
€ > 0, there exists § > 0 such that for all x € F with z¢g < x < x¢ + 9, we have:

[f(z) — L <e
This is denoted by:
lim f(z)=1L
z—axd

It is said that the left limit of f(x) as x approaches x is equal to L € F' if for every ¢ > 0,
there exists § > 0 such that for all x € E with zg — § < x < g, we have:

[f(z) = L] <€
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This is denoted by:
lim f(z)=1L
T—T
Remark that a limit lim,_,,, f(x) = L exists if and only if both right and left limits exist and
are equal:
lim f(z)= lim f(z)=1L

+ —
(13*)(130 14)$D

Example. Let’s consider the function:

Graphically, this function looks like:

We have:
lim f(z)=1 and lim f(z)=-1

z—0t z—0~

Thus, the limit lim,_, f(x) does not exist.

Example. Let consider the function f(z) = 1. We have:

lim f(z) =400 and lim f(z) = —o0

z—0t x—0—

Graphically, this function looks like:
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Thus, the limit lim,_, f(x) does not exist.

6.3 Exponential and Logarithmic Functions

Definition 6.3.1 (¢).
The number e is defined as the unique positive number such that:

+oo
3" -
D e
n:.
n=0

Which converges for all © € R (D’Alembert’s ratio test).
By convention, we define 0! = 1 and 0° = 1. The following properties hold:
o e®tY =¢e%.¢Y forall z,y € R
) e‘”’zﬁforallmeR
oe?>0forallzeR

con () (Br) R

Proof. 1. Property:

n=0 m=0 n=0m=0

By rearranging the terms, we get:

too k nk n 1 k
Sy iy (e
k=0n= O k=0 n=0

By using the binomial theorem, we have:

ery

Mg
=
+
Q@

2. Property:
6m
3. Property: Since all terms of the series defining e® are positive, we have:

eI:e%~e%:(e%)2>O

6.3.1 Properties of Exponential Function
These properties can be proved using the definition of e*:
0 limy o0 €% = liMy_s00 Y peg %’: > limg o0 (1 + ) = +00
o limy,_e® =limy 0o e™¥ = limy ;00 e% =0
o e” is strictly increasing on R. Let z1, x5 € R such that x1 < x2. We have:

e’ —e"t =" (™ —-1)>0
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Example. Let’s prove the following limit:

r—1
|
z—0 xT
To prove this, we can use the definition of e*:
& 1 Zoo ok 1 oo gk 00 g1
€ T ] = |&k=0K _ 1| = | &=L R 1:Zx 1
x T x k!
k=1
- 1
k=2 &
o0 o0
‘x|k)71 ‘x|k)72
< Z ko | |Z k!
k=2 k=2
o0 o0
z|*2 lz[™ el
< WZ k—2) |z| Z ol |zle
k=2 m=0
By the Squeeze Theorem, we conclude that:
T __ T _1
0<|S - 1‘ <zl = lim ¢ =l
N——" z—0 ap

—0

Remark that this limit lim,_,, ei?;f also converges to 1 for any function g(x) such that

lim,_,, g(z) = 0 and g(z) # 0 in the neighborhood of z = a.

6.3.2 Logarithmic Function

Definition 6.3.2 (Natural Logarithm).

The natural logarithm function In : (0,4+00) — R is defined as the inverse function of the
exponential function e* : R — (0, +00).

6.3.3 Properties of Logarithmic Function
These properties can be proved using the definition of In z:
o e"? =g for all z > 0, In(e®) = z for all z € R
(zy
v

o

)=Inz+1Iny for all z,y >0
) =Inzx —Iny for all z,y > 0

/

In
o ln
o ln

(z") =rlnz for all r € R
o In(1) =0, In(e) =1

6.4 List of Important Limits

Here is a list of some important limits related to exponential and logarithmic functions:
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e’ —1

o lim,_,q =1

o lim, o 20F2) — 1

o limg o (1 + x)% =e

o limg,_sq % = 1if lim,_,, t(z) = 0 and ¢(z) # 0 in a neighborhood of x = a

o limy_q W =1if lim, 4 t(x) = 0 and t(x) # 0 in a neighborhood of = a

lim, 4 (1 + t(m))ﬁ = e if lim,;,, t(z) = 0 and ¢(z) # 0 in a neighborhood of z = a

[¢]

6.5 Continuity

Definition 6.5.1 (Continuity at a Point).
Let f: E — F be a function and zg € E. The function f is said to be continuous at point
i) if:
Jlim f(2) = f(zo)
Remark that this condition could be spit into three parts:
o f(xg) is defined (i.e., g € E)

o limy_,q, f(z) exists

o lim, 4, f(z) = f(20)

Example. The following examples illustrate the concept of continuity at a point:

o f(z) = zP,p € N is continous at every point zy € R, since lim,_,, 2P = aP for all
a € R.

o All polynomial functions are continuous at every point xg € R.

o Any rational function ggg is continuous at every point xg € R such that Q(zg) # 0.

o f(x) = ¢z is continuous at every point g € (0, +00) for all p € N*.

o f(x) =sin(z) and g(x) = cos(x) are continuous at every point zy € R.

Theorem 6.5.1 (Cauchy's Criterion for Continuity). Let f : E — F be a function defined
in a neighborhood of x = xy and at xy. The function f is continuous at point xy if and
only if for every e > 0, there exists 6 > 0 such that for all z,y € F with | — 29| < § and
ly — x| < 6, we have:

|f(z) = f(y)l <e

Proof. (=) Direction: Assume that f is continuous at point xg. Let € > 0 be given. By the
definition of continuity, there exists 6 > 0 such that for all z € E with |z — 2| < §, we have:

(@) = flao)l < 5
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Now, let x,y € E such that |x — 2| < ¢ and |y — x¢| < §. We have:

(@) = F&)| = 1£(@) = (o) + f(@0) = F@)] < |f(@) — Flwo)| + £ () = flao)l < 5+ 5 =¢

Thus, the condition is satisfied.
(<) Direction: Assume that for every e > 0, there exists § > 0 such that for all z,y € E with
|x — 20| < 0 and |y — zo| < &, we have:

1f(z) = f(y)l <e

To show that f is continuous at point zg, let € > 0 be given. By assumption, there exists § > 0
such that for all z,y € E with |z — 20| < § and |y — zo| < §, we have:

|f(z) = f(y)l <e

In particular, for any « € E with |x — z¢| < 0, we can choose y = xg. Thus, we have:

[f(z) = fzo)| <€

Therefore, by the definition of continuity, we conclude that f is continuous at point xg. O

Definition 6.5.2 (Continuity on the left and on the right).
Let f : E — F be a function and g € E. The function f is said to be continuous on the
right at point g if:

lim f(z) = f(xo)

+
I*}ZL’O

The function f is said to be continuous on the left at point zq if:

lim_f(z) = f(xo)

Remark that f is continuous at point zg if and only if it is continuous on the left and on the

right at point xg.

Example. Let’s study the continuity of a function f in £ = 0. Consider the function:

20 +1, >0
f(m)_{sig% z <0

Let’s compute the right limit:

lim f(z)= lim 2z+1)=1

z—0t1 z—0*t
Let’s compute the left limit:

sinx
=1

lim f(z) = lim

r—0— z—0- T

Since both limits are the same, we conclude that f is continuous at point z = 0.
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Example. Let’s study the continuity of a function f in x = 0. Consider the function:

20 +1, >0
Si%, <0

Let’s compute the right limit:

Let’s compute the left limit:

Since both limits are the same but different from f(0) = 2, we conclude that f is not
continuous at point z = 0.

6.5.1 Operations on Continuous Functions

Let f,g: E — F be two functions continuous at point g € E. The following operations produce
new functions that are also continuous at point xq:

o The sum function h(z) = af( + Bg(x) is continuous at point z (for any o, 8 € R).

o The product function h(z) =

x) - g(x) is continuous at point x.
z) ;

o The quotient function h(z) = is continuous at point xq if g(zg) # 0.

1’)

olf f: FE—- Fandg:G — H, f(E) C G, fis continuous at point g € E and g is
continuous at point f(xg) € G, then the composition function h(z) = g(f(z)) is continuous
at point zg.

Remark that if (go f) is continuous at point zg, it does not necessarily imply that f is continuous

at point xo or that g is continuous at point f(xo).

Example. Let f be a function defined as:

R /62x2+sinaz + 8%2 + 1H(Z2 + 1)

fla) = e

We can see that f is a composition of continuous functions (polynomial, exponential, square
root, logarithm) and thus it is continuous for all z € R.

Example. Let consider the functions:

f@){ﬂ’xfo and m@{Q v
-1, z=0
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We have:
(go f)(x) =g(f(x))=0 forallzeR

Thus, (go f)(z) is continuous at point z = 0, but f(x) is not continuous at point = 0 and
g(x) is not continuous at point f(0) = —1.

6.5.2 Extension by Continuity
Definition 6.5.3 (Extension by Continuity).

Let f: E — F be a function and z¢ be an accumulation point of E but not in E. If the
limit lim,_,,, f(x) = L exists, we can define a new function f: EU {z¢} — F as:

) flx), =€k
ﬂ@—{h .

The function f is called the extension by continuity of f at point zo.

Example. Let’s consider the function:

oy = ssn (1)

lim f(z) = lim zsin (1> =0

z—0 x—0 x

defined on E =R\ {0}. We have:

Thus, we can define the extension by continuity of f at point zg = 0 as:

T gcsin(%), x#0
jio = {220

The function f is continuous on R.

6.6 Continuous Functions on Intervals

Definition 6.6.1 (Continuous Function on an Interval).

A function f : I — F where [ is an open, non-empty interval, is said to be continuous on
the interval I if it is continuous at every point g € I i.e. for f : [a,b] — F to be continuous
on [a, b, it must be continuous on (a,b), continuous on the right at point a and continuous
on the left at point b.
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Example. Let’s consider the function:

f(x){ﬁlﬁ" 20
I

N N[

0,

The function f is continuous on the interval (—oo, —%) and (—%, +oo) but not continuous

at point z = —2 since the limit lim, , s f(x) does not exist.

Theorem 6.6.1. Let a < b € R and f : [a,b] — F be a continuous function on the bounded
and closed interval [a,b]. Then, f reaches its minimum and maximum on [a, b], i.e., there
exist ¢,d € [a, b] such that:

f(o) Zxr&i?b]f(w) and  f(d) =xrg[3§)]f(fﬂ)

Theorem 6.6.2 (Indeterminate Value Theorem). Let a < b € R and f : [a,b] - R be
a continuous function on the bounded and closed interval [a,b]. Then, for every L in
[f(a), f(D)], there exists at least one ¢ € [a, b] such that:

flg=L

ie.:
f(la,b]) = [ min f(z), max f(z)]
z€la,b] z€la,b]
Remark the following:

o If f(a)- f(b) <0, then there exists at least one ¢ € [a, b] such that f(c) = 0.

o Given an open interval I and a strictly monotonic, continuous function f : I — R, the
image f(I) is an open interval.

o For all injective and continuous function on an interval I, the function is strictly monotonic.

o For all bijective and continuous function on an interval I, the inverse function is also
continuous and strictly monotonic on the interval f(I).

Example. Let’s consider the following graph:
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Y

max(, ) f(z)

mingg ) () -

We have f : [a,b] — R continuous on [a, b]. According to the Indeterminate Value Theorem,
there exist at least a point (in this case two) ¢1,c2 € [a, b] such that f(c1) = f(c2) = L for
any Le [miHIG[a,b] f($)7 maXgela,b] f(QT)]

Example. Let’s show that the equation sinz + ﬁ = 0 has at least two solution in the
interval [0, 7]. We first notice that the function is continuous on the interval since it is the
sum of two continuous functions on [0, 7] and the interval is bounded and closed, thus we
can use the Intermediate Value Theorem. We have:

1 1
0)=sin0+ —=—-<0
f(0) =sin0 + -1 1<
and
fm) =sinm+ —— =0+ -1 <0
T)=sinT+ —— = —_—
T—4 T—4
Since both values are negative, we need to find a point where the function is positive. Let’s
try z = 3:
7 s
— — sin — =1 O
f(Q) sm2+g74 +g74>

Thus, by the Intermediate Value Theorem, there exists at least one ¢; € (0, §) such that
f(c1) = 0 and at least one co € (§,7) such that f(cz) = 0. Therefore, the equation
sinz + —1; = 0 has at least two solutions in the interval [0, 7).

6.7 Exercices

This section gathers a selection of exercises related to Chapter 6, taken from weekly assignments,
past exams, textbooks, and other sources. The origin of each exercise will be indicated at its
beginning.

Exercise 6.7.1 (Quizz of Lecture 13).
Let f(x) = 2sin(1 — 22) on the biggest interval where it is bijective and containing z = 1.
Then the set of the definition of f~! and its image is:
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o f71:[=2sin(1),2sin(1)] = [/1— 5, /1T + 3]
o f71:[0,2sin(1)] = [0, m]

[-
[ )
o f71:[-2,2sin(1)] - [0,/1+ %
[-
[—

o f71:[-2,2sin(1)] —» [-\/T+ 3, /T+
o f71:[-2sin(1),0] = [0,vI+m
Answer:

The correct answer is the 3rd proposition because we have:
q 2 ™ ) ™
f(z) =2sin(l —2*) = —§+2k7r§1—$ §§—|—2k‘7r
for k = 0 since x = 1 is in the interval. Thus:
1-2<a?<14+7 > 0<a?<1+

since 1 — g < 0 and z2 > 0. Therefore:

Thus the domain of f(x) is [O, 1+ 5] = E for it to be bijective and containing = = 1.
Furthermore, we see that f is decreasing on E thus:

g )= £ (1+3) = =2 and sup (@) = (0) = 2601

Therefore, the image of f is [—2,2sin(1)].

Exercise 6.7.2 (Quizz of Lecture 14).
Let’s compute the limit:

V1422
lim

v=0 \/1—1— sm1 +\/1—(sin%)2

Answer:
Since x? > 0, we have:

1
1<vV1422< 1+§x2

N——
—1 (z—0)

Thus by the Sandwich Theorem, we conclude that lim, .o v1 -+ 22 = 1. Let’s take two
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sequences (ay) = # and (by) = ﬁ such that limy_ o ar = by, = 0. We have:
2

1\? 1)\?
lim \/1+ <sin > n \/1 - <sin> ) = lim \/1+ (sinag)? + \/1 — (sinay)?
k—o0 ag ag k— o0 —— ——

=0 =0
lim (1+1)=2
k—o00
and:
1\° 1\?
lim 1+ (sin—) 44/1— (sin— = lim 1+ (sinbg)? + |1 — (sinby)?
k—o0 bk, b k—o00 —— —
=1 =1
lim (V24 0) = v2
k— o0
Thus:

. 1 , 1
Jim flag) =5 and  lLm f(bx) = Wi

Since the two limits are different, we conclude that the limit lim,_,q f(x) does not exist.
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Chapter 7

Differential Calculus

7.1 Differentiability of Functions

Definition 7.1.1 (Derivative).
It is said that f is differentiable at a point xg € I if the following limit exists and is finite:

f/(xo) — lim f($) — f(xO) )

T—To Xr — Xo
The value f’(x¢) is called the derivative of f at the point zg.
Remark that if f is differentiable at xg, then it can be written as:
f(@) = f(@o) + f'(z0)(z — @0) + r(x)

where the remainder term r(z) = f(x) — f(zo) — f'(zo)(z — x0) satisfies:

T—To T — T T—To r — X
—f'(z0)

Definition 7.1.2 (Linear Approximation).
Let f be a function that is differentiable at a point x¢ € I. The linear approximation of f
at the point zq is defined by:

f(x) = f(z0) + a(x — x0) + ().

where a € R. The value a is called the slope of the linear approximation and is equal to the
derivative of f at the point zg, i.e. a = f'(xg).
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Example. Let’s compute the derivative of the function f(x) = 2. Let 7y € R. We have:

2 _ .2 _
f(xo) = lim T T _ i (&= m)@aen) = lim (2 + x0) = 2.
rT—xro T — .’,EO T—TQ 98 — .’fo T—rTo

Therefore, the derivative of the function f(x) = 22 is given by f’(z) = 2z for all z € R.

Example. Let’s compute the derivative of the function f(x) = cosx. Let zo € R. We have:

COS T — COS Tg cos(xg + (z — xg)) — cosxg

f(zg) = lim ——————— = lim
T—T0 T — Xo T—To r — X
I cos g cos(x — xg) — sinxg sin(z — xp) — cos xg
= lim
T—To i
. [—sinzg-sin(x —xy)  coszp(cos(z — ) — 1)
= lim +
r—To | Tr — X9 Tr — X
. 2 (x—x T—wg )2
S - —2sin” (=5 e
i | —sinag - 2E 20 g, (F2T(5R)) (55
T—T0 xr — X (:c—xo) xr — X
~—_——— 2
| —1 IR —0
= —sinxg.
Therefore, the derivative of the function f(z) = cosx is given by f/'(z) = —sinz for all

x €R.

Definition 7.1.3 (Derivative Function).
Let f: E — R be a function differentiable on a set D(f’) C E. The derivative function of
f is defined as the function f’: D(f’) — R such that:

f()=f'(x) VzeD(f).
Theorem 7.1.1. A derivable function f at a point xy € I is continuous at xg.

Proof. Let f: I — R be a function derivable at a point zy € I. We have:

lim f(z) = lim [f(zo) + f'(z0)(x — x0) + r(z)] = f(z0) + f'(x0) - 0+ lim r(z) = f(z0).

T—To T—To T—xQ
Therefore, the function f is continuous at the point . O
Remark that the converse is not true: a function can be continuous at a point but not derivable

at that point.

7.1.1 Operations on Derivatives

Let f,g: I — R be two functions derivable at a point o € I. The following operations can be
performed on the derivatives of f and g at the point xq:
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o The function af + Bg is derivable at the point x(y and:
(af + Bg) (o) = af'(w0) + By’ (20).
o The function f - g is derivable at the point xy and:
(f - 9) (o) = f'(z0) - 9(x0) + f(0) - ¢ (x0).

o If g(zo) # 0, then the function 5 is derivable at the point x¢ and:

(f)l (wo) = [ (@o) - g(wo) — f(@o) - g'(x0)
g) " (9(0))? ’

Proof. Let’s prove each of these properties one by one.
1. Linearity We have:

(af +B9) (z0) = lim af(z) + Bg(x) — af(zo) — By(xo)

I*)‘/L’O T — :L.O
= lim |a- f(x) = f(xo) +8- g(x) — g(wo)
T—T0 T — g x — x
= af'(zo) + B9’ (20)-
2. Product Rule We have:
(£ 9)' (o) = Jim f(w)g(wl—_J;(omo)g(xo)
— iy T ®)9(2) — F(@)g(@0) + f(2)9(20) — f(20)9(20)
T—x0 x —
= lim x) - M z0) - M
_w1—>w0 |:f( ) x — xg +g( 0) T — 7o

= f(x0) - ¢'(x0) + g(x0) - f'(20).
3. Quotient Rule We have:

f(=) _ f(=zo)

!/
(f) (z0) = lim L2 sG0)

g Tr—x0 g5 — xo
— lim f(@)g(x0) — f(w0)g()
ez (2 — 20)g(2)g(20)
_ i 9@0)lf(@) = f(@0)] = F@o)lg(x) = g(ao)
2=z (z — 20)g(x)g(z0)
_ 9(@o) ' (w0) — f(x0)g'(x0)
(9(w0))? .
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7.1.2 Derivatives of Usual Functions

f(x) f'(x)
¢ (constant function) 0
z" (n €N) nz" !
e e
sinx cosx
coszT —sinzx
tan x sec?r = m

Proof. Let’s prove some of these results.
2. f(z) = z™: Let 29 € R. By recurrence on n:
For n = 0, we have f(z) =1 and f'(z) =0.
Assume that the result is true for some n € N. We have:
gl — ght! . (z—z) @+ 2" o+ ...+ 2F)

f(zo) = lim —— = lim
T—rxTo T — X T—x0 Tr — X

= lim (2" + 2" txo + ... +28) = (n + 1)x.
T—T0o

3. f(z) = €*: Let g € R. We have:

. e? — e¥o . ero(er~%o0 — 1
f'(z9) = lim ——— = lim ¥
T—To X — X0 T—xQ r — X

=0 .1 = e,

6. f(z) =tanz: By the quotient rule, we have:

sinz )’ _cosz-cosx —sinz - (—sinz)  (cosz)? 4 (sinz)? 1
B (cosx)? N (cos x)? (cosx)?’

f'(z) =

COST

7.1.3 Geometric Interpretation of the Derivative

It can easily be seen from the definition of the derivative that the derivative at a point zg
represents the slope of the tangent line ¢(z) to the graph of the function f at the point (zq, f(x0)).
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Definition 7.1.4 (Equation of the Tangent Line).
Let f : I — R be a function differentiable at a point g € I. The equation of the tangent

line t(x) to the graph of f at the point (zg, f(xo)) is given by:

t(x) = f(wo) + f'(wo)(z — x0)

7.1.4 Right and Left Derivatives

Definition 7.1.5 (Right and Left Derivatives).
Let f: I — R be a function and xg € I.
The right derivative of f at the point z( is defined as:

f/+(3?0)= lim M

a:~>a:3' T —Xo
The left derivative of f at the point x( is defined as:
=T T — Zo

Remark that if the right and left derivatives at a point z exist and are equal, then the function
is derivable at that point and the derivative is equal to the common value of the right and left

derivatives, i.e.:

f'(wo) = fi(z0) = fL(20)

Example. Let’s show that the function f(x) = |z| is not derivable at the point 2o = 0 (even
if it is continuous on R). We have:

—10
JHOERH l2l=10] _ lim il

z—=0 x—0 z—0 T
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We compute the left-hand limit and the right-hand limit:

fim 2l 2%~
r—0— X r—0— X

. xr . x
lim u = lim — =1
rz—0t X z—0t X

lz]
x

Since the left-hand limit and the right-hand limit are not equal, the limit lim,_,q does

not exist. Therefore, the function f(x) = |z| is not derivable at the point 29 = 0.

7.1.5 Infinite Derivative

Definition 7.1.6 (Infinite Derivative).
Let f: I — R be a function and zy € I. It is said that f has an infinite derivative at the

point xq if:
L @) = f(ao)
T—To Xr — Xo

=400

Remark that if a function has an infinite derivative at a point x, then the tangent line to the
graph of the function at that point is vertical.

Example. Let f(z) = ¢/x. We are going to show that f has an infinite derivative at the
point g = 0. We have:

3 3 0 3 1
lim M = lim ve = lim
z—=0 1 —0 z—0 I =0 /2

We compute the left-hand limit and the right-hand limit:

1
li =
0= Yz °
lim = 400

Since the left-hand limit and the right-hand limit are equal, the limit lim,_.q % is 4o0.
Therefore, we can say that f has an infinite derivative at the point xg = 0. Therefore, the
tangent line to the graph of the function at the point (0,0) is vertical.

7.1.6 Derivative of Composite Functions
Theorem 7.1.2 (Chain Rule). Let f : I — R and g : J — R be two functions such that

f(I) C J. If f is derivable at a point zg € I and g is derivable at the point f(z¢) € J, then
the composite function go f : I — R is derivable at the point zy and:

(go f)(zo) = g'(f(z0)) - f'(w0)
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Proof. Let f: I — R and g: J — R be two functions such that f(I) C J. We have:

(go f) (x9) = lim g(f(z)) —g(f(z0))

T—T0 T — X0
e g ) | f(@) = fa)
= f(z) = f(zo) T — Zo

= g'(f(z0)) - f'(z0)

Example. Let’s compute the derivative of the function f(z) = 2"z We have:

fl(x) _ e2a:2+sin$ . (4.%' + COS.’E)

Example. Let’s compute the derivative of the function f(z) = —22Z_. We have:

eT _e—<

cosz(e® —e %) —sinx(e® 4+ e %)
(e:c _ efav)Q

fiz) =

7.1.7 Derivative of Inverse Functions

Theorem 7.1.3. Let f : I — F a bijective function that is continuous and differentiable at a
point ¢ € I such that f'(z¢) # 0. Then, the inverse function f~!: F — I is differentiable
at the point yo = f(zo) and:

(f_ )/(yO) = f/(xO)

Proof. Let f: I — F a bijective function that is continuous and differentiable at a point xg €
such that f'(z¢) # 0. We have:

W= ) ) = S ()

(f 71 (yo) = lim

Y=o Y — Yo Y=Yo0 y — f(2o0)
. T — X0 1 1
= lim = =
R F@) — F@0)  Tmgosny TETE  F(zo)

O

Remark that if f : I — F and f~!' : F — I two reciprocal and continuous function that are
differentiable at every point of their respective domains, such that f/(f~(x)) # 0, then:

(@) = = y=f""(z) Vr ek
Example. Let’s compute the derivative of the function f(z) = arccosz ([—1,1] — [0,7]) by
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its inverse function cosx ([0, 7] — [—1,1]). We have:

(e) = 1 1 1 1
(cosY)'|,—arccose  — sin(arccosz) /1 — (cos(arccos x))2 V1 —z2

Remark that siny = +4/1 — cos? y and since y € [0, 7], we have siny > 0 thus we choose
the positive root.

Example. Let’s compute the derivative of the function f(z) = Inx (RT — R) by its inverse
function e” (R — RT). We have:

1 1 1

/ e

f(l‘) - (ey)/‘y:lnm elnw T

Remark that a® = €™ for all z € R and a > 0,a # 1. Thus, by the chain rule, we have:
(az)/ _ (emlna)l _ emlna .lna=a%lna

and by the inverse function theorem, we have:

(10 1,)/ _ ]- _ 1 e ]_
€a - (alogaz)/|$zloga$ T g% .lng  zlna

Example. Let r € R and f : R% — RY, defined by f(z) = 2" = e"'"®. We have:

f/(SC) _ (erlna:)’ _ erln:c . g _ TIL'T71

Theorem 7.1.4. Let fi(z) > 0 and f2(x) be two differentiable functions on an interval I.
The function f : I — R defined by f(x) = f1(x)7>(*) is differentiable on I and:

f(@) = fi(@)®) - (f2(2) - In(f2(2)))’
Proof. Let fi(x) > 0 and fa(z) be two differentiable functions on an interval I. We have:
f(@) = fi(x)2@) = @ (fi(@)

Thus, by the chain rule, we get:

() = (efz(w) ln(fl(a:))>/ = @WAE) . (£(2) - In(fi(2))) = fi(z)2® - (falz) - In(fi(z)))’

O
More generally if In(f(x)) is defined, then:

,_ f@)

(In f(x)) o) fl(@) = f(z)- (n f(2))
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Example. Let’s compute the derivative of the function f(z) = 2*". By the logarithm rule,
we have:

f(.%‘) — e;c”” Inz _ ee“”“”lnx

Thus, by the chain rule, we get:

nr-r ! x 1
f’(a:) — (661 lnm) — l‘z xz . {(lnx)2 —+ hll' —+ E

7.2 Hyperbolic Functions

Definition 7.2.1 (Sine and Cosine Hyperbolic Functions).
The hyperbolic sine function is defined as follows:

x —x

sinhx = %, oddVz e R

Graphically, the hyperbolic sine function can be represented as:

Yy .
sinh x
x
The hyperbolic cosine function is defined as follows:
coshx = %, even Vo € R

Graphically, the hyperbolic cosine function can be represented as:

y coshx

T

Remark that this definition is similar to the definition of the cosine and sine functions using
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Euler’s formula: ) ) ) )
e’LCE _ 672117 eZZl) + e*’LI
- oSk = ——
21 2

Some properties of hyperbolic functions are similar to those of trigonometric functions. For
example, we have:

sinx =

2 .12 .. .
cosh®z —sinh®*2 =1 (similar to cos®z + sin®z = 1)

7.2.1 Derivatives of Hyperbolic Functions

Theorem 7.2.1. The derivatives of the hyperbolic sine and cosine functions are given by:

(sinhz)" = coshz, (coshz)' =sinhz VzeR

Proof. We have:

x _ —x\'/ T —x
(sinhz) = (e 26 ) — 2 +2€ = coshz

, €L L e % 4 eT _ 7 )
(coshz) = 5 = 5 =sinhz

7.2.2 Tangent and Cotangent Hyperbolic Functions

Definition 7.2.2 (Tangent and Cotangent Hyperbolic Functions).
The hyperbolic tangent function is defined as follows:
sinhz e —e™®

tanhz = = Ve e R
cosh x eT + e ®

Graphically, the hyperbolic tangent function can be represented as:

Y

tanh x

The hyperbolic cotangent function is defined as follows:

cosh x et +e "
cothz = — = Vx € R*
sinh x er —e %

Graphically, the hyperbolic cotangent function can be represented as:
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cothx

7.2.3 Arguments of Hyperbolic Functions

Definition 7.2.3 (Arguments of Hyperbolic Functions).
The inverse hyperbolic sine function is defined as follows:

arsinhz = In (aj + Va2 + 1) Vr € R
The inverse hyperbolic cosine function is defined as follows:

arcoshz = In (m+ N 1) Vo >1

The inverse hyperbolic tangent function is defined as follows:

14+ =z
1—=x

artanh z = %m < > Ve e (—1,1)

Theorem 7.2.2. The derivatives of the inverse hyperbolic functions are given by:

1 1
. , ) /
(arsinh )" = Tt (arcoshz) = T (artanh x)" = 1=
Proof. We have:
/ 14+ =Z2— 711 1
(arsinhx)/:(ln(x+ :c2+1>) _ Vel _ V2t 14z _
Vit 1 Vel + Va2 1) Val+1
’ 1+ —=2— - 1
(arcoshz) = (1n (H ,7:2—1)) _ V1 _ Vit —1+z _
VRl VTt vE) | VEI

.. . — . =
2 T 2 (1-2)(1+x) 1— 22

(artanh x)’

<1 (1+x)>'1 Tt 1 (l-2)+04+2) 1
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7.3 Derivatives of Higher Order

Definition 7.3.1 (Higher Order Derivatives).

Let f : I — R be a function. If f is differentiable on I, then the derivative function
f' I — R exists. If f/ is also differentiable on I, then the second derivative function
f” : I — R exists, and so on. The n-th derivative of f, denoted by f(™, is defined
recursively as follows:

fO®@) = f@), fM()=(F")(z) ¥neN

Example. Let’s compute the n-th derivative of the function f(z) = 2™ where n € N*. We

have:
f'(x) =nz" Y, f'(z) =n(n-1)z""% ..., f(”)(z) =n!

and for all k > n, we have:
fP@) =0

Definition 7.3.2 (Class C™ Functions).
Let n € NU {co}. A function f: I — R is said to be of class C™ on the interval I if it is n
times differentiable on I and its n-th derivative f(™ is continuous on I.

Remark that the sine and cosine functions are of class C*° on R (C*°(R)) since they are differ-
entiable any number of times and all their derivatives are continuous on R.

7.4 Properties of Differentiable Functions

Theorem 7.4.1. If a function f : F — F is differentiable at a point zy € F, such that f has
a local extremum at g, then:

f'(@0) =0
Proof. Let f : E — F be a function differentiable at a point x¢g € E, such that f has a local

extremum at zg. We have:

T—xQ r — X
If f has a local maximum at xg, then for all z in a neighborhood of xg, we have f(x) < f(xg).
Thus, for x > xg, we have:

f(z) — f(zo) <0
Tr — X
and for z < xg, we have:
F@) = Fo) o
Tr — X

Therefore, the right-hand limit is less than or equal to 0 and the left-hand limit is greater than
or equal to 0. Since the limit exists, both limits must be equal, thus:

f'(20) =0
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The same reasoning applies if f has a local minimum at x. O

Remark that the converse is not true, i.e., if f'(xg) = 0, it does not imply that f has a local
extremum at zo. For example, the function f(x) = 23 has a derivative equal to 0 at the point
xo = 0, but it does not have a local extremum at that point.

Definition 7.4.1 (Critical Point).
Let f : E — F be a function differentiable at a point zp € E. The point z( is called a
critical point of f if:
f'(@0) =0
Remark that the extrema of a function f : [a,b] — R can only occur at:
o Critical points
o Points where the function is not differentiable

o Endpoints of the interval (z = a or x = b)

Theorem 7.4.2 (Rolle's Theorem). Let f : [a,b] — R be a function that is continuous on
[a,b] and differentiable on (a,b) such that:

Then, there exists at least one point ¢ € (a,b) such that:
flleg=0

Proof. Let f : [a,b] — R be a function that is continuous on [a, b] and differentiable on (a, b) such
that f(a) = f(b). By the Extreme Value Theorem, f attains its maximum and minimum values
on the interval [a,b]. Let M be the maximum value of f on [a,b] and let m be the minimum
value of f on [a, b]:

If M =m, then f is constant on [a, b], and thus f'(z) =0 for all z € (a,b).

If M # m, then either the maximum or minimum value is attained at some point ¢ € (a,b).
Without loss of generality, assume that the maximum value is attained at some point ¢ € (a, b).
Since f is differentiable at ¢ and has a local maximum at that point, by the previous theorem,
we have:

flley=0

Example. Let’s apply Rolle’s theorem. Let f: R — R a function of class C* such that:

f(0)=f(4)=0 and f'(0)=f'(4)=0

Let’s show that the equation f”(z) = 0 has at least two solutions in the interval (0, 4).
Since f(0) = f(4) = 0, by Rolle’s theorem, there exists at least one point ¢; € (0,4) such
that:

f'ler) =0

Since f'(0) = f'(4) = 0, by Rolle’s theorem, there exists at least one point co € (0,4) such
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that:
f”(CQ) — 0

Now, we have two cases:

o If ¢; < co, then by Rolle’s theorem, there exists at least one point c¢3 € (¢q, ¢2) such

that:
f”(Cg) — 0
o If ¢; > co, then by Rolle’s theorem, there exists at least one point ¢3 € (cg,¢1) such
that:
f”(Cg) — 0

Therefore, in both cases, we have found at least two points ¢y and c3 in the interval (0,4)

such that:
f"(c2) =0 and f"(c3)=0
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